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SUMMARY 
S t a n d a r d c o s t sys tems a r e w i d e l y u s e d i n c o s t a c c o u n t i n g . D i f f e r ­
e n c e s b e t w e e n r e p o r t e d c o s t s and t h e c o r r e s p o n d i n g s t a n d a r d c o s t s a r e 
known as c o s t v a r i a n c e s and a r e c o n s i d e r e d v a l u a b l e , t h o u g h i n c o m p l e t e , 
i n d i c a t o r s o f a b n o r m a l c o n d i t i o n s . 
I n a d d i t i o n t o t h e c o s t v a r i a n c e a n a l y s i s l i t e r a t u r e t r e a t i n g d e ­
c o m p o s i t i o n o f c o s t s , c o n t r o l c h a r t s and e l e m e n t a r y s t a t i s t i c a l p r o c e d u r e s , 
t h e r e i s a l i t e r a t u r e on c o s t - v a r i a n c e i n v e s t i g a t i o n t r e a t i n g t h e p r o b l e m 
o f i n f e r r i n g amounts o f m a n a g e r i a l i n v e s t i g a t i o n e c o n o m i c a l l y j u s t i f i e d 
b y c o s t v a r i a n c e s o f v a r i o u s s i z e s . T h i s l i t e r a t u r e d e c l i n e d a b r u p t l y 
a f t e r 1 9 6 9 , when pap€'.rs b y R . S . K a p l a n and T . R . Dyckman e s t a b l i s h e d t h a t 
t h e a p p r o p r i a t e modeil was t h a t o f t h e p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s , 
a m o d e l w h i c h a t t h a t t i m e p r e s e n t e d i n s u r m o u n t a b l e c o m p u t a t i o n a l b u r d e n s 
f o r p r o b l e m s o f p r a c t i c a l s i z e . 
P a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s e s a l s o a r i s e i n e n g i n e e r i n g 
c o n t e x t s , and c o m p u t a t i o n a l p r o g r e s s s temming f r o m Edward S o n d i k ' s " O n e -
p a s s A l g o r i t h m " h a s been s t r i k i n g enough t o w a r r a n t r e c o n s i d e r a t i o n o f 
i m p l e m e n t i n g t h e s e m o d e l s i n c o s t a c c o u n t i n g s y s t e m s . 
I n t h i s t h e s i s . , t h e O n e - p a s s A l g o r i t h m i s a p p l i e d t o f o r m u l a t i o n 
and s o l u t i o n o f c o s t v a r i a n c e i n v e s t i g a t i o n p r o b l e m s . 
C o m p u t a b i l i t y s.nd e f f i c i e n c y o f t h e a l g o r i t h m a r e d e m o n s t r a t e d by 
a p p l y i n g i t t o t h e m o d e l s s u g g e s t e d by K a p l a n and Dyckman, and b y a p p l y i n g 
i t t o e x t e n s i o n s o f t h e s e m o d e l s t h a t a l l o w l e s s s e v e r e d a t a r e q u i r e m e n t s 
a t a c o s t o f a d d i t i o n a l c o m p u t a t i o n a l l o a d . 
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A n e x t e n s i o n o f D y c k m a n ' s p r o c e d u r e f o r e s t i m a t i n g M a r k o v t r a n s i ­
t i o n p r o b a b i l i t i e s i s p r e s e n t e d . D y c k m a n ' s p r o c e d u r e i s a m o d i f i c a t i o n o f 
t r a d i t i o n a l e s t i m a t i o n m e t h o d s , t o a l l o w f o r u s i n g a p a r t i a l l y o b s e r v a b l e 
h i s t o r i c a l r e c o r d , b u t a p p l i e s t o s y s t e m s w i t h o n l y two s t a t e s . T h e e x ­
t e n s i o n a l l o w s a r b i t r a r y numbers o f s t a t e s . 
A h e u r i s t i c m o d i f i c a t i o n i s p r e s e n t e d w h i c h e l i m i n a t e s some o f t h e 
c a l c u l a t i o n s n e c e s s a r y i n t h e O n e - p a s s A l g o r i t h m . The m o d i f i c a t i o n i s 
f o u n d t o c o n t r i b u t e t o c o m p u t a t i o n a l e f f i c i e n c y . 
F i n a l l y , a f u l l y documented F o r t r a n compu te r p r o g r a m i s p r e s e n t e d 
f o r t h e s o l u t i o n o f p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s e s b y t h e O n e - p a s s 
A l g o r i t h m . I t i n c l u d e s b o t h t h e f i n i t e - h o r i z o n and i n f i n i t e - h o r i z o n v e r ­
s i o n s o f t h e a l g o r i t h m , i t a l l o w s a r b i t r a r y numbers o f s t a t e s and d e c i ­
s i o n s , and i t i s w r i t t e n so as n o t t o b e r e s t r i c t e d t o t h e c o s t - a c c o u n t i n g 
c o n t e x t . I t i s b e l i e v e d t o be t h e f i r s t i m p l e m e n t a t i o n o f t h e a l g o r i t h m 




I n management , a w i d e l y u s e d t o o l i s t h e s t a n d a r d c o s t s y s t e m 
w h e r e i n a s t a n d a r d o r b u d g e t e d amount i s s p e c i f i e d f o r t h e n e x t p e r i o d 
f o r e a c h o f t h e p r o c e s s e s i n t h e s y s t e m . A c o s t v a r i a n c e o c c u r s when an 
a c t u a l c o s t d i f f e r s f r o m t h e c o r r e s p o n d i n g s t a n d a r d c o s t . 
V e r y s m a l l c o s t v a r i a n c e s a r e i g n o r e d . V e r y l a r g e ones a r e i n ­
v e s t i g a t e d . A n i n v e s t i g a t i o n w i l l a t l e a s t i n c l u d e d e c o m p o s i t i o n o f 
c o s t s i n t o components; s u c h as d i r e c t l a b o r , d i r e c t m a t e r i a l s , f a c t o r y 
o v e r h e a d , e t c . , t o i d e n t i f y t h e s p e c i f i c a b n o r m a l i t y so as t o a l l o w e f ­
f e c t i v e m a n a g e r i a l i n t e r v e n t i o n i f n e e d e d . I n t h e c o n v e n t i o n a l t w o -
f a c t o r a n a l y s i s , f o r e x a m p l e , t h e t o t a l c o s t v a r i a n c e i s s u b d i v i d e d u n d e r 
t h e a s s u m p t i o n t h a t t h e c o s t i s a p r o d u c t o f two f a c t o r s — a u n i t p r i c e o r 
c o s t , and a q u a n t i t y or u s a g e [ 1 , 5 , 9 ] . A t i t s most e l a b o r a t e , a c o s t 
v a r i a n c e i n v e s t i g a t i o n c a n go f a r b e y o n d t h e s e r o u t i n e t e c h n i q u e s and i n ­
v o l v e s t u d i e s c o n s u m i n g months o f e f f o r t . 
The a b s o l u t e o r p r o p o r t i o n a l s i z e o f a c o s t v a r i a n c e , o r even i t s 
s t a t i s t i c a l l y n o r m a l i z e d s i z e , c a n p r o v i d e o n l y a r o u g h measu re o f i t s 
t r u e s i g n i f i c a n c e t o management , s i n c e t h i s s i g n i f i c a n c e u l t i m a t e l y d e ­
pends on t h e p r o s p e c t i v e n e t b e n e f i t o f m a n a g e r i a l a c t i o n t a k e n i n r e ­
s p o n s e t o t h e v a r i a n c e . A l a r g e o r s u r p r i s i n g v a r i a n c e i s n o t n e c e s s a r ­
i l y s i g n i f i c a n t u n l e s s i t i n d i c a t e s a s i t u a t i o n t h a t i s p r o f i t a b l y c o n ­
t r o l l a b l e by management. 
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One r e s p o n s i b i l i t y o f management , t h e one a d d r e s s e d i n t h i s t h e s i s , 
i s t h e r e s p o n s i b i l i t y t o make c o n t r o l d e c i s i o n s b a s e d o n t h e a s s e s s e d 
s i g n i f i c a n c e o f c o s t v a r i a n c e s t h a t a r e n e i t h e r s m a l l enough t o i g n o r e 
n o r l a r g e enough t o be c e r t a i n t h a t a c t i o n i s c a l l e d f o r . 
The u s u a l n a t u r e o f t h e c o n t r o l d e c i s i o n i s , f i r s t , w h e t h e r t o i n ­
v e s t i g a t e t h e c a u s e , and t h e n w h e t h e r t o t a k e c o r r e c t i v e a c t i o n . K a p l a n 
[14] p r o v i d e s a c o m p l e t e s u r v e y o f c o s t - v a r i a n c e i n v e s t i g a t i o n l i t e r a t u r e 
up t o m i d - 1 9 7 5 . 
S e v e r a l i n v e s t i g a t o r s h a v e d e a l t d i r e c t l y w i t h t h e p r o b l e m o f o b ­
t a i n i n g c o n t r o l d e c i s i o n s [ 2 , 6 , 7 , 8 , 1 3 , 1 7 , 1 8 ] . I n g e n e r a l , t h e y h a v e c o n ­
s i d e r e d t h e p r o b l e m t o b e one i n w h i c h a p r o c e s s c a n be i n one o f two 
s t a t e s , i n - c o n t r o l or o u t - o f - c o n t r o l . A p r o c e s s i s s a i d t o b e i n c o n t r o l 
when a c o s t v a r i a n c e , i f p r e s e n t , i s c a u s e d b y a f a c t o r n o t c o n t r o l l a b l e 
b y management ; o t h e r w i s e , i t i s s a i d t o be o u t o f c o n t r o l . H o w e v e r , t h e 
a c t u a l s t a t e o f t h e s y s t e m i s s e l d o m known w i t h c e r t a i n t y and must be i n ­
f e r r e d f r o m t h e r e p o r t e d c o s t s . E a c h o f t h e s e v e r a l c o s t - v a r i a n c e i n v e s ­
t i g a t i o n m o d e l s i s a p r o c e d u r e w h i c h u s e s t h e a v a i l a b l e k n o w l e d g e c o n c e r n ­
i n g t h e s t a t e o f t h e s y s t e m t o d e t e r m i n e i n v e s t i g a t i v e p o l i c i e s . 
I n p a r t i c u l a r , s e v e r a l a u t h o r s [ 7 , 8 , 1 3 ] h a v e p r e s e n t e d t h e p r o b l e m 
a s a p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s , w h e r e t h e d e c i s i o n t o i n v e s t i ­
g a t e i s a f u n c t i o n o f t h e p r o b a b i l i t y t h a t t h e p r o c e s s I s o p e r a t i n g i n 
c o n t r o l , t h e c o s t o f an i n v e s t i g a t i o n , and t h e c o s t o f a l l o w i n g a n o u t - o f -
c o n t r o l s i t u a t i o n t o c o n t i n u e . 
I n t h e t h e o r y o f M a r k o v p r o c e s s e s , a d i s c r e t e - t i m e , f i n i t e - s t a t e , 
s t a t i o n a r y " M a r k o v p r o c e s s , f o r w h i c h t h e s t a t e c a n n o t be d e t e r m i n e d w i t h 
c e r t a i n t y i s a p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s [ 2 1 , 2 2 , 2 3 , 2 5 , 2 6 , 2 7 ] . A 
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s t a t e - r e l a t e d v a r i a b l e i s o b s e r v e d , and t h e p r o b a b i l i t i e s o f t h e u n d e r ­
l y i n g s t a t e s a r e e s t i m a t e d a f t e r e a c h o b s e r v a t i o n u s i n g B a y e s T e q u a t i o n . 
I n c o s t - v a r i a n c e i n v e s t i g a t i o n s , t h e o b s e r v e d v a r i a b l e i s t h e e n d - o f -
p e r i o d r e p o r t e d c o s t , f o r w h i c h a known c o n d i t i o n a l p r o b a b i l i t y d i s t r i ­
b u t i o n i s assumed t o e x i s t . 
U n f o r t u n a t e l y , a p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s i m p l i e s t h a t 
t h e u n d e r l y i n g d i s c r e t e s t a t e s p a c e becomes c o n t i n u o u s due t o t h e u n c e r ­
t a i n t y a b o u t w h i c h s t a t e t h e s y s t e m i s i n . T h i s c o n t i n u o u s r e p r e s e n t a ­
t i o n o f t h e d i s c r e t e s t a t e s p a c e c o n s i s t s o f p r o b a b i l i t i e s o f s t a t e o c ­
c u r r e n c e , and i t must: be d i s c r e t i z e d i n some manner t o a l l o w c o m p u t a t i o n . 
A p r o m i s i n g a p p r o a c h h a s b e e n t h a t o f S o n d i k [ 2 6 ] , whose method a v o i d s 
a r b i t r a r y d i s c r e t i z i n g o f t h e s t a t e s p a c e . By c o m p u t i n g b o u n d a r i e s w i t h ­
i n w h i c h a g i v e n d e c i s i o n i s o p t i m a l , S o n d i k T s method o b t a i n s a f i n i t e 
s e t o f r e g i o n s e q u i v a l e n t t o i n d i v i d u a l s t a t e s f o r c o m p u t a t i o n a l p u r p o s e s . 
T h i s t h e s i s has t h e f o l l o w i n g o b j e c t i v e s : 
1 . F o r m u l a t e the c o s t - v a r i a n c e i n v e s t i g a t i o n d e c i s i o n p r o b l e m , f o r 
b o t h a f i n i t e and i n f i n i t e p l a n n i n g h o r i z o n , as a p a r t i a l l y o b s e r v a b l e 
M a r k o v p r o c e s s . 
2 . A p p l y Sond r . k ' s a l g o r i t h m t o s o l v e t h e p r o b l e m u s i n g s i m p l e 
f i n i t e and i n f i n i t e h o r i z o n e x a m p l e s . 
3 . W r i t e a documented F o r t r a n p r o g r a m e m p l o y i n g t h e a l g o r i t h m 
d e v e l o p e d i n (2) above, t o s o l v e t h e s a m p l e p r o b l e m s . 
4 . D e m o n s t r a t e i m p l e m e n t a t i o n o f t h e a l g o r i t h m by d e v e l o p i n g a 
t e s t p r o b l e m u s i n g h y p o t h e t i c a l d a t a and p a r a m e t e r v a l u e s , w i t h c h a r a c t e r ­
i s t i c s s i m i l a r t o t h o s e l i k e l y t o b e e n c o u n t e r e d i n a n a c t u a l d e c i s i o n 
s i t u a t i o n . 
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5 . U n i f y c o s t - v a r i a n c e i n v e s t i g a t i o n mode l s i n t h e a c c o u n t i n g 
l i t e r a t u r e and e x t e n d t h e s e mode l s ( f o r e x a m p l e , t o c o n s i d e r a d d i t i o n a l 
s t a t e s b e y o n d i n - c o n t r o l and o u t - o f - c o n t r o l ) whe re t h e c a p a b i l i t i e s o f 
S o n d i k ' s a l g o r i t h m make e x t e n s i o n s f e a s i b l e . 
6 . D e r i v e a p r o c e d u r e f o r e s t i m a t i n g t h e p r o b a b i l i t i e s i n a n In­
s t a t e t r a n s i t i o n m a t r i x . 
The r e m a i n d e r o f t h i s t h e s i s i s o r g a n i z e d a l o n g t h e f o l l o w i n g g e n ­
e r a l l i n e s . C h a p t e r I I i s a b r i e f s u r v e y o f t h e m a j o r a r t i c l e s i n a c ­
c o u n t i n g d e a l i n g w i t h c o s t - v a r i a n c e i n v e s t i g a t i o n . I n C h a p t e r I I I t h e 
b a s i c c o s t - v a r i a n c e i n v e s t i g a t i o n p r o b l e m o v e r a f i n i t e h o r i z o n i s d e s ­
c r i b e d , t h e n o t a t i o n i s d e f i n e d w i t h i n t h e f r a m e w o r k o f a p a r t i a l l y o b ­
s e r v a b l e M a r k o v p r o c e s s , and S o n d i k ' s a l g o r i t h m i s p r e s e n t e d . The c o s t -
v a r i a n c e i n v e s t i g a t i o n p r o b l e m o v e r a n i n f i n i t e h o r i z o n i s t r e a t e d i n 
C h a p t e r I V . S o l u t i o n s o f f i n i t e and i n f i n i t e h o r i z o n p r o b l e m s u s i n g 
S o n d i k ' s a l g o r i t h m a r e i l l u s t r a t e d i n C h a p t e r V w i t h some s i m p l e n u m e r i ­
c a l e x a m p l e s . T h i s c h a p t e r a l s o i n c l u d e s d i s c u s s i o n o f t h e t e s t p r o b l e m 
and some e x t e n s i o n s t o t h e b a s i c m o d e l . C h a p t e r V I p r e s e n t s c o n c l u s i o n s 
and i n d i c a t e s a d d i t i o n a l a r e a s w h i c h w o u l d b e w o r t h y o f f u r t h e r r e s e a r c h . 
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CHAPTER I I 
OVERVIEW OF METHODS 
The t r a d i t i o n a l a c c o u n t i n g c o n t r o l m o d e l u s i n g s t a n d a r d c o s t i n g i s 
s i m p l e . The d e c i s i o n t o i n v e s t i g a t e a v a r i a n c e , f a v o r a b l e o r u n f a v o r a b l e , 
i s s o l e l y d e t e r m i n e d by t h e a b s o l u t e o r r e l a t i v e s i z e o f t h e c o s t v a r i a n c e . 
F o r a n e x a m p l e , s e e J u e r s [ 1 2 ] . The d e t e r m i n a t i o n o f s t a n d a r d s and d e c i ­
s i o n c r i t e r i a a r e b a s e d o n t h e e x p e r i e n c e and j udgemen t o f management . 
The s t r e n g t h o f t h i s m o d e l l i e s i n i t s e a s e o f a p p l i c a t i o n , b u t i t i g n o r e s 
o b j e c t i v e i n f o r m a t i o n t h a t c a n b e o b t a i n e d f r o m p a s t o b s e r v a t i o n s ; t h e r e 
i s no e x p l i c i t c o n s i d e r a t i o n o f t h e c o s t o f i n v e s t i g a t i o n o r o f t h e c o s t 
o f f a i l i n g t o d e t e c t a n o u t - o f - c o n t r o l s i t u a t i o n . 
The c l a s s i c a l Shewhar t m o d e l i s t h e f i r s t a t t e m p t a t c o n t r o l b a s e d 
o n c l a s s i c a l s t a t i s t i c s [ 2 4 ] . I t i s assumed t h a t d i s t i n c t p r o b a b i l i t y 
d i s t r i b u t i o n s g e n e r a t e t h e r e p o r t e d c o s t s f o r t h e s y s t e m , c o n d i t i o n a l o n 
t h e s t a t e o f t h e s y s t e m . I t i s c u s t o m a r y t o assume t h a t t h e r e p o r t e d 
c o s t s a r e n o r m a l l y d i s t r i b u t e d . The p a r a m e t e r s (mean and s t a n d a r d d e v i a ­
t i o n ) o f t h e i n - c o n t r o l p r o b a b i l i t y d i s t r i b u t i o n a r e e s t i m a t e d f r o m p a s t 
o b s e r v a t i o n s when i t was known t h a t t h e s y s t e m was o p e r a t i n g i n c o n t r o l . 
I t i s assumed t h a t as l o n g as t h e s y s t e m c o n t i n u e s o p e r a t i n g i n c o n t r o l 
t h a t o b s e r v a t i o n s w i l l c o n f o r m t o t h i s p r o b a b i l i t y d i s t r i b u t i o n . When 
t h e p r o c e s s moves t o a n o u t - o f - c o n t r o l s t a t e , t h e p a r a m e t e r s a r e assumed 
t o c h a n g e . 
F o r n o r m a l l y d i s t r i b u t e d c o s t o b s e r v a t i o n s , S h e w h a r t f s t e s t i s 
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d e s i g n e d t o i n d i c a t e a s h i f t i n t h e mean v a l u e o f t h e d i s t r i b u t i o n , u . 
W i t h t h i s p r o c e d u r e , a n i n v e s t i g a t i o n i s c a l l e d f o r wheneve r t h e c u r r e n t 
c o s t o b s e r v a t i o n f a l l s o u t s i d e a p r e d e t e r m i n e d s t a t i s t i c a l r a n g e o f v a l ­
u e s , y ± no", w h e r e n i s a p r e d e t e r m i n e d v a l u e and a i s t h e s t a n d a r d d e v i ­
a t i o n when i n c o n t r o l . S h e w h a r t s u g g e s t e d u s i n g a 3a l i m i t f o r mos t 
a p p l i c a t i o n s and j u s t i f i e d i t e m p i r i c a l l y , f i n d i n g t h a t i t r e s u l t s i n a 
r e a s o n a b l e b a l a n c e b e t w e e n u n n e c e s s a r y i n v e s t i g a t i o n s o n t h e one h a n d , 
and u n d i s c o v e r e d t r o u b l e on t h e o t h e r . T h i s p r o c e d u r e i s e q u i v a l e n t t o 
i n v e s t i g a t i n g t h e w o r s t 0,135 p e r c e n t o f c o s t v a r i a n c e s e n c o u n t e r e d . As 
w i t h t h e t r a d i t i o n a l p r o c e d u r e , t h e d e c i s i o n t o i n v e s t i g a t e c o n s i d e r s 
o n l y t h e c u r r e n t c o s t o b s e r v a t i o n and f a i l s t o i n c o r p o r a t e t h e c o s t o f 
i n v e s t i g a t i o n o r t h e c o s t o f f a i l i n g t o c o r r e c t an o u t - o f - c o n t r o l s i t u ­
a t i o n . 
T h e r e a r e a n u n b e r o f v a r i a t i o n s t o t h e S h e w h a r t c o n t r o l c h a r t 
p r o c e d u r e w h i c h a t t e m p t t o d e t e c t more q u i c k l y any s h i f t s t h a t have o c ­
c u r r e d i n t h e p r o b a b i l i t y d i s t r i b u t i o n . F o r a summary o f t h e s e v a r i a ­
t i o n s , s e e R o b e r t s [20] . A n examp le i s one w h e r e i n v e s t i g a t i v e a c t i o n i s 
c a l l e d f o r when a r u n o f o b s e r v a t i o n s f a l l s o u t s i d e t h e la o r 2a l e v e l . 
A n o t h e r examp le i s the m o v i n g a v e r a g e t e s t . An a v e r a g e o f t h e l a s t k 
o b s e r v a t i o n s i s e s t a b l i s h e d and i n v e s t i g a t i v e a c t i o n i s c a l l e d f o r i f t h e 
a v e r a g e f a l l s o u t s i d e [ J - L ^ a / k , whe re i s a p r e d e t e r m i n e d v a l u e . 
The i d e a o f i n c D r p o r a t i n g r e w a r d s and c o s t s a s s o c i a t e d w i t h a n i n ­
v e s t i g a t i o n i n t o a c o n t r o l d e c i s i o n i s t h e m a j o r c o n t r i b u t i o n o f a n a r t i ­
c l e b y B i e r m a n , F o u r a k s r and J a e d i c k e ( B F J ) [ 2 ] , The B F J m o d e l assumes 
t h a t management c a n e s t i m a t e t h e p r o b a b i l i t y q o f b e i n g i n c o n t r o l f o r 
e v e r y g i v e n c o s t o b s e r v a t i o n , 9. G i v e n t h a t t h e s y s t e m may be i n one o f 
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two s t a t e s and t h a t t h e r e a r e two c o u r s e s o f a c t i o n a v a i l a b l e i n e a c h 
s t a t e , a t w o - d i m e n s i o n a l c o s t s t r u c t u r e i s e s t a b l i s h e d . I n T a b l e 1 , C 
i s t h e c o s t o f an i n v e s t i g a t i o n and L t h e e s t i m a t e d p r e s e n t v a l u e o f t h e 
c o s t s a v i n g s f r o m c o r r e c t i n g an o u t - o f - c o n t r o l s i t u a t i o n . 
T a b l e 1 . C o s t S t r u c t u r e i n t h e B F J M o d e l 
^ * - \ ^ A c t i o n 
S t a t e ^ ^ " - ^ I n v e s t i g a t e : a i Do N o t I n v e s t i g a t e : a 2 
I n - c o n t r o l : X] C 0 
O u t - o f - n T 
c o n t r o l : X 2 KJ Li 
The e x p e c t e d c o s t o f e a c h a c t i o n i s as f o l l o w s : 
E U i ) = Cq + C ( l - q ) = C 
E ( a 2 ) = Oq + L ( l - q ) = L ( l - q ) . 
T h e r e f o r e i f C < L ( l - q ) , o r q < ( L - C ) / L , a n i n v e s t i g a t i o n i s w a r r a n t e d . I f 
C - L ( l - q ) , a n i n v e s t i g a t i o n s h o u l d n o t b e made. 
The m a j o r d i f f i c u l t y w i t h t h i s m o d e l l i e s i n t r y i n g t o e s t i m a t e 
t h e v a l u e o f L , w h i c h depends o n how o f t e n t h e same s i t u a t i o n may b e e x ­
p e c t e d t o r e c u r and how pe rmanen t an e f f e c t t h e management a c t i o n may b e 
e x p e c t e d t o h a v e . 
I n a l l t h e s e m o d e l s , k n o w l e d g e o f t h e s t a t e o f t h e p r o c e s s i s 
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b a s e d s o l e l y o n t h e c u r r e n t c o s t o b s e r v a t i o n . The f o l l o w i n g B a y e s i a n 
m o d e l s a r e a t t e m p t s to ove rcome t h i s s h o r t c o m i n g b y c o m b i n i n g c u r r e n t and 
p r i o r c o s t o b s e r v a t i o n s t o d e v e l o p s t a t e p r o b a b i l i t i e s . 
Dyckman [7] p r o p o s e s a m o d e l w i t h t h e same c o s t s t r u c t u r e as t h e 
B F J m o d e l , b u t e x t e n d e d i n t h a t i t u s e s B a y e s i a n u p d a t i n g o f s t a t e p r o b ­
a b i l i t i e s , s o t h a t a l l i n f o r m a t i o n a v a i l a b l e s i n c e t h e l a s t i n v e s t i g a t i o n 
i s i n c o r p o r a t e d i n t o t h e k n o w l e d g e o f t h e t r u e s t a t e . I t i s assumed i n 
D y c k m a n ' s m o d e l t h a t t h e t r u e s t a t e o f t h e p r o c e s s u n d e r g o e s t r a n s i t i o n s 




s o t h a t an i n - c o n t r o l p r o c e s s has a 1-g p r o b a b i l i t y o f g o i n g o u t - o f -
c o n t r o l e a c h t i m e p e r i o d , s u b s e q u e n t l y r e m a i n i n g o u t o f c o n t r o l u n t i l 
t h e p r o c e s s i s r e s e t by management a c t i o n . Dyckman i n d i c a t e s t h a t t h e 
e s t i m a t e o f g i s o b t a i n e d by e s t i m a t i n g t h e mean number o f p e r i o d s 
( p a s s a g e t ime ) b e f o r e g o i n g o u t - o f - c o n t r o l , w h i c h e q u a l s 1 / ( 1 - g ) f o r 
t h i s p r o c e s s . See A p p e n d i x A f o r a more c o m p l e t e d i s c u s s i o n o f e s t i m a t ­
i n g t h e p a r a m e t e r s i n t h e t r a n s i t i o n m a t r i x . 
D y c k m a n ' s m o d e l assumes t h a t t h e p r o b a b i l i t y d e n s i t y f u n c t i o n o f 
c o s t , f ^ ( 9 ) , f o r e a c h s t a t e i i s k n o w n . See F i g u r e 1 . B e c a u s e t h e o b ­
s e r v e d c o s t i s d e t e r m i n e d by a l a r g e number o f a d d i t i v e f a c t o r s , t h e 
c o s t o b s e r v a t i o n s w i l l o f t e n b e assumed t o b e n o r m a l l y d i s t r i b u t e d , b u t 
any known d i s t r i b u t i o n c a n b e u s e d i n t h e m o d e l . 
I n a d d i t i o n , t h e m o d e l makes t h e f o l l o w i n g a s s u m p t i o n s : 
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ECelXx) E ( 9 j X 2 ) 
F i g u r e 1 . C o s t D e n s i t y F u n c t i o n s i n D y c k m a n ' s M o d e l 
1 . S t a t i o n a r i t y : The t r a n s i t i o n p r o b a b i l i t y m a t r i x r e m a i n s t h e 
same e a c h p e r i o d ; t h a t i s , e a c h e n t r y i s a f u n c t i o n o n l y o f t h e s t a t e t h e 
s y s t e m now o c c u p i e s and t h e s t a t e i t w i l l o c c u p y d u r i n g t h e n e x t t i m e i n ­
t e r v a l . A l s o , t h e c o s t o f i n v e s t i g a t i o n i s a c o n s t a n t , o r i t s e x p e c t e d 
v a l u e i s c o n s t a n t . 
2 . B e g i n n i n g - o f - p e r i o d t r a n s i t i o n s : When t h e s y s t e m makes a t r a n ­
s i t i o n f r o m one s t a t e t o a n o t h e r , i t does so a t t h e b e g i n n i n g o f t h e 
p e r i o d o r s u f f i c i e n t l y e a r l y i n t h e r e p o r t i n g p e r i o d t o e f f e c t t h e ou tcome 
o f t h e p e r i o d . A l s o , o n c e t h e d e c i s i o n t o i n v e s t i g a t e i s made, t h e i n ­
v e s t i g a t i o n and any n e c e s s a r y c o r r e c t i o n i s assumed t o t a k e p l a c e i m m e d i ­
a t e l y and t o b e f u l l y e f f e c t i v e . 
A t t h e b e g i n n i n g o f p e r i o d n , t h e s t a t e p r o b a b i l i t i e s a r e g i v e n by 
P ^ C X i ) and P n ( X 2 ) = 1 - P ^ C X i ) , w h e r e X i r e p r e s e n t s t h e i n - c o n t r o l s t a t e 
and X 2 t h e o u t - o f - c o n t r o l s t a t e . Assume t h a t t h e s e p r o b a b i l i t i e s a r e 
s u c h t h a t a t t h e b e g i n n i n g o f p e r i o d n , no i n v e s t i g a t i o n i s c a l l e d f o r ; 
t h a t i s , P ( X i ) - ( L - C ) / L . 
n 
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D u r i n g t h e p e x i o d a t r a n s i t i o n t o a n o t h e r s t a t e may o r may n o t 
o c c u r . A t t h e end c f t h e p e r i o d , a c o s t r e p o r t i s r e c e i v e d . H o w e v e r , 
t h e r e i s no a s s u r a n c e as t o t h e s t a t e o f t h e s y s t e m , b e c a u s e a s y s t e m 
o p e r a t i n g i n c o n t r o l c a n r e p o r t a somewhat h i g h c o s t o r a s y s t e m o p e r a t ­
i n g o u t o f c o n t r o l c a n r e p o r t a r e l a t i v e l y l o w c o s t . A s a n e x a m p l e , a 
h i g h c o s t o b s e r v a t i o n f o r p e r i o d n w i l l i n c r e a s e t h e p r o b a b i l i t y t h a t t h e 
s y s t e m w i l l b e o u t o f c o n t r o l a t t h e b e g i n n i n g o f p e r i o d n + 1 . The s t a t e 
p r o b a b i l i t i e s f o r p e r i o d n + 1 a r e f o u n d t h r o u g h B a y e s i a n u p d a t i n g : 
g f 1 ( G ) P n ( X i ) 
P n + l ( X l ) " P n + l ( X l ' 9 ) = g f 1 ( 0 ) P n ( X 1 ) + f 2 ( e ) [ l - g P n ( X i ) ] 
f 2 ( e ) [ i - g P n ( X ! ) ] 
g f 1 ( 8 ) P n ( X i ) + f 2 ( 6 ) [ l - g P n ( X i ) 1 
A n i n v e s t i g a t i o n i s w a r r a n t e d i f ^ n + i ^ l ) < ( L - C ) / L ; o t h e r w i s e , i f 
P . - . ( X i ) - ( L - C ) / L , no a c t i o n i s t a k e n . 
n+± 
Dyckman e x p l o r e s some v a r i a t i o n s i n t h e a s s u m p t i o n s o f t h i s m o d e l , 
some o f w h i c h w i l l be d i s c u s s e d l a t e r i n t h i s t h e s i s . 
A n o t h e r mode l v e r y s i m i l a r t o D y c k m a n ' s e x c e p t w i t h r e s p e c t t o t h e 
c o s t s t r u c t u r e i s f o r m u l a t e d b y K a p l a n [ 1 3 ] . I n s t e a d o f s u m m a r i z i n g a l l 
c o s t i n f o r m a t i o n a b o u t t h e f u t u r e i n one p a r a m e t e r L , K a p l a n ' s m o d e l u s e s 
dynamic p rog ramming t o compute o p t i m a l p o l i c i e s t h a t m i n i m i z e d i s c o u n t e d 
f u t u r e c o s t s . The a s s u m p t i o n s o f t h i s t w o - s t a t e m o d e l a r e t h e same as 
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D y c k m a n ' s , e x c e p t t h c i t e n d - o f - p e r i o d t r a n s i t i o n s a r e a s s u m e d , w i t h c o s t 
o b s e r v a t i o n s o b t a i n e d p r i o r t o t r a n s i t i o n s . The u p d a t e d p r o b a b i l i t i e s 
a r e : 
gf1(8)Pn(X1) 
V l 0 ^ = P n + l ( X l l 9 ) ' f 1 (6 )P n (X 1 )+ f 2 ( e )P n (X 2 ) 
(l-g)f 1(8)P n(X 1)+f 2(6)P n(X 2) 
f1(0)Pn(X1)+f2(6)PTi(X2) n n 
I n e s t a b l i s h i n g t h e r e c u r s i v e e q u a t i o n s n e c e s s a r y f o r t h e dynamic 
p rog ramming s o l u t i o n t o t h e p r o b l e m , K a p l a n f i r s t d e f i n e s 
g f l ( 6 ) q 
T ( q | e ) = f1(6)q+f2(9)(l-q) 
w h e r e q i s t h e p r o b a b i l i t y o f p r e s e n t l y b e i n g i n c o n t r o l and T i s t h e 
o p e r a t o r w h i c h u p d a t e s t h e p r o b a b i l i t y q a f t e r r e c e i v i n g c o s t o b s e r v a ­
t i o n 9. L e t C^Cq) be t he minimum e x p e c t e d c o s t t h a t c a n b e a c h i e v e d 
g i v e n t h a t t h e s y s t e m i n i t i a l l y h a s p r o b a b i l i t y q o f b e i n g i n c o n t r o l 
and t h a t a n o p t i m a l p o l i c y i s f o l l o w e d f o r t h e n e x t n p e r i o d s . S i n c e 
t h e r e a r e two c o u r s e s o f a c t i o n , t h e r e a r e two p o s s i b l e v a l u e s f o r t h e 
e x p e c t e d c o s t . I n t h e f i r s t c a s e , whe re t h e r e i s an i n v e s t i g a t i o n w i t h 
c o s t K , t h e e x p e c t e d o n e - p e r i o d c o s t i s : 
K + I [0(gfi(9) + (l-g)f2(9))] 
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w h e r e [g f"i(6) + ( 1 - g ) f 2 (9) ] i s t h e u n c o n d i t i o n a l p r o b a b i l i t y d e n s i t y 
f u n c t i o n f o r 6. 
I n a d d i t i o n t o t h e e x p e c t e d o n e - p e r i o d c o s t , t h e e x p e c t e d f u t u r e 
c o s t f o r t h e r e m a i n i n g n - 1 p e r i o d s i s g i v e n b y ; 
S [ C 1 (T (g |9 ) ) [gfxO) + ( l - g ) f 2 ( 9 ) ] 
"3 
w h e r e 0 < 3 i l i s t he s i n g l e - p e r i o d p r e s e n t - w o r t h d i s c o u n t f a c t o r . The 
v a l u e C n _^(T(g |9 ) ) r e p r e s e n t s t h e minimum e x p e c t e d c o s t when t h e r e a r e 
n - 1 p e r i o d s u n t i l t e r m i n a t i o n , and t h e u p d a t e d p r o b a b i l i t y o f b e i n g i n 
c o n t r o l i s T ( g | 9 ) . T h e r e f o r e t h e t o t a l e x p e c t e d c o s t i n c u r r e d i f an i n ­
v e s t i g a t i o n i s u n d e r t a k e n i s 
K + l lie + 3C (T (g |0 ) ) ] ( g f 1 ( 9 ) ••+ < l - g ) f 2 ( 6 ) ) 
9 
I f t h e a c t i o n c h o s e n i s t o do n o t h i n g , t h e n t h e e x p e c t e d o n e -
p e r i o d c o s t i s g i v e n by 
I [9fqfl(9) + ( l - q ) f 2 ( 9 ) ) ] 
e 
and e x p e c t e d f u t u r e c D s t i s 
3 l ^ n , ( T ( q | 9 ) ) [ q f 1 ( 0 ) + ( l - q ) f 2 ( 0 ) ] 
9 n 
T h u s t h e o p t i m a l t o t a l e x p e c t e d c o s t i s 
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!
K + £[e + Bc 1 ( T ( g | e ) l ] ( g f 1 ( e ) + ( i - g ) f 2 ( e ) ) 
e 
Ite+BC 1 ( T ( q | e ) ) ] ( q f 1 ( 6 ) + ( l - q ) f 2 ( 0 ) ) 
9 
and t h e o p t i m a l p o l i c y i s d i c t a t e d a c c o r d i n g l y . F o r an i n f i n i t e p l a n n i n g 
h o r i z o n , t h e o p t i m a l p o l i c y i s f o u n d f r o m t h e same s e t o f r e c u r s i v e e q u a ­
t i o n s by l e t t i n g n i n c r e a s e u n t i l t h e s t a t e p r o b a b i l i t i e s a p p r o a c h l i m i t ­
i n g v a l u e s . 
The a s s u m p t i o n o f h a v i n g o n l y two s t a t e s f o r any g i v e n p r o c e s s i s 
a f e a t u r e o f n e a r l y a L l t h e f o r m a l m o d e l s f o r i n v e s t i g a t i n g c o s t v a r i ­
a n c e s , a l t h o u g h , i n p r a c t i c e , p r o c e s s e s may t e n d t o move g r a d u a l l y away 
f r o m a s t a t e o f b e i n g i n c o n t r o l r a t h e r t h a n s u d d e n l y j u m p i n g t o a s i n g l e 
o u t - o f - c o n t r o l s i t u a t i o n . A n a p p r o a c h w h i c h r e l a x e s t h e t w o - s t a t e a s s u m p ­
t i o n i s s u g g e s t e d by D u v a l l [ 6 ] . He c o n s i d e r s a p r o c e s s h a v i n g a c o n t i n u u m 
o f s t a t e s w h e r e t h e s t a t e o f t h e p r o c e s s i s t h e l e v e l o f t h e c o n t r o l l a b l e 
p a r t o f a c o s t v a r i a n c e . E v e r y c o s t v a r i a n c e x i s made up o f two compo­
n e n t s — a n o n - c o n t r o l l a b l e component w a r i s i n g r a n d o m l y and a component y 
g e n e r a t e d by o f f - s t a n d a r d p e r f o r m a n c e . The a s s u m p t i o n s o f t h e m o d e l a r e 
as f o l l o w s : 
1 . The p r o b a b i l i t y d i s t r i b u t i o n o f t h e n o n - c o n t r o l l a b l e p a r t o f 
t h e c o s t v a r i a n c e i s n o r m a l w i t h u = 0 and s t a n d a r d d e v i a t i o n o* , d e t e r -
w w 
m ined f r o m p a s t d a t a c o l l e c t e d w h i l e i n c o n t r o l . 
2 . The p r o b a b i l i t y d i s t r i b u t i o n o f t h e c o n t r o l l a b l e p a r t o f t h e 
c o s t v a r i a n c e i s n o r m a l w i t h mean u and s t a n d a r d d e v i a t i o n o* 
y y -
3 . The c o n t r i b u t i o n o f c o n t r o l l a b l e and n o n - c o n t r o l l a b l e p a r t s o f 
t h e c o s t v a r i a n c e a r e - . Independent, T h e r e f o r e t h e e s t i m a t e o f t h e mean o f 
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t h e c o n t r o l l a b l e p a r t o f t h e c o s t v a r i a n c e i s t h e mean v a l u e u o f o b -
x 
s e r v e d c o s t v a r i a n c e s o v e r s e v e r a l p e r i o d s o f t i m e . 
u - u 
y x 
The r e l a t i o n s h i p o f t h e s t a n d a r d d e v i a t i o n s c a n be e x p r e s s e d a s 
a 2 a 2 + a 2 
x y w 
The c o r r e l a t i o n o f t h e o b s e r v e d c o s t v a r i a n c e and t h e c o s t v a r i a n c e due 
t o o u t - o f - c o n t r o l p e r f o r m a n c e i s 
p = a 2 / a a 
y x y 
= a I a 
y x 
When a c o s t v a r i a n c e i s o b s e r v e d , t h e d i s t r i b u t i o n o f t h e v a r i a n c e 
due t o o u t - o f - c o n t r o l p e r f o r m a n c e i s r e v i s e d a c c o r d i n g t o t h e f o r m u l a p r o ­
v i d e d b y D u v a l l . 
u | = u + pa (x-u ) / c 
y | x y y x x 
= u y ( l - p 2 ) + p 2 x 
and 
I n o r d e r t o d e t e r m i n e i f a n i n v e s t i g a t i o n i s w a r r a n t e d , t h e c o s t s 
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and b e n e f i t s must be k n o w n . As w i t h Dyckman, D u v a l l summar i zes f u t u r e 
c o s t s a v i n g s i n a s i n g l e p a r a m e t e r f o r e a c h s t a t e . He assumes t h i s r e ­
l a t i o n s h i p t o be l i n e a r ; 
L ( y ) = 
ki y - c i f y > 0 
-(k2y + C i f y < 0 
w h e r e C i s t h e c o s t o f an i n v e s t i g a t i o n , kx i s t h e p r e s e n t v a l u e o f a d ­
d i t i o n a l f u t u r e p r o f i t s p e r d o l l a r o f f a v o r a b l e c o s t v a r i a n c e n o t e x ­
p l o i t e d , and k2 i s t h e p r e s e n t v a l u e o f a d d i t i o n a l f u t u r e c o s t p e r d o l l a r 
o f u n f a v o r a b l e c o s t v a r i a n c e n o t c o r r e c t e d . The e x p e c t e d p r o f i t V c a n be 
d e t e r m i n e d f r o m t h e e q u a t i o n 
0 
E ( V ) = J ( k 2 y + C ) / / 2 ¥ a y | x ) e x p ( ; - ( y - y y | x ) 2 / 2 a 2 | x ) d y 
+ f ( k j y - C) / T/2TT o" I 1exp(-(y-u . ) 2 / 2 a 2 | 1 dy 
•'o y | x - r v - J y | x y | x ; J 
I f E ( V ) i s p o s i t i v e , an i n v e s t i g a t i o n w o u l d t a k e p l a c e ; o t h e r w i s e , no 
a c t i o n w o u l d be t a k e n , 
The w o r k r e v i e w e d i n t h i s c h a p t e r c o v e r s t h e ma jo r t e c h n i q u e s 
c u r r e n t l y a v a i l a b l e t o d e t e r m i n e when c o s t v a r i a n c e s a r i s i n g i n a s t a n d ­
a r d c o s t s y s t e m s h o u l d b e i n v e s t i g a t e d . The b a s i c a s s u m p t i o n s and some 
o f t h e l i m i t a t i o n s o f t h e s e p r o c e d u r e s h a v e b e e n i d e n t i f i e d . 
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CHAPTER I I I 
COST VARIANCE INVESTIGATION DECISIONS AS A 
P A R T I A L L Y OBSERVABLE MARKOV PROCESS (POM) 
T h i s c h a p t e r e x t e n d s t h e t w o - s t a t e Dyckman and K a p l a n c o s t - v a r i a n c e 
i n v e s t i g a t i o n m o d e l s [ 7 , 1 3 ] t o a f i n i t e number o f s t a t e s , 1 , 2 , . . . , N , 
w h e r e t h e s t a t e s a r e assumed o r d e r e d a c c o r d i n g t o d e s i r a b i l i t y w i t h s t a t e 
1 mos t d e s i r a b l e . The new m o d e l p a r a l l e l s D y c k m a n ' s w i t h r e s p e c t t o t h e 
b a s i c a s s u m p t i o n s b u t t r e a t s f u t u r e c o s t s w i t h i n a dynamic p rog ramming 
f o r m u l a t i o n . The d e p a r t u r e s f r o m K a p l a n come m a i n l y i n t h e o r d e r i n g o f 
e v e n t s and t h e r e d e f i n i t i o n o f t h e s t a t e s p a c e . 
T h i s m o d e l h a s t h e f o l l o w i n g p r o p e r t i e s : 
1 . T r a n s i t i o n s b e t w e e n s t a t e s a r e i n a c c o r d a n c e w i t h a s t a t i o n a r y 
M a r k o v p r o c e s s and o c c u r a t t h e b e g i n n i n g o f t h e p e r i o d . 
2 . The c o s t o f i n v e s t i g a t i o n and c o r r e c t i o n r e m a i n s c o n s t a n t f r o m 
p e r i o d t o p e r i o d . L e t K^ b e t h e c o s t i n c u r r e d i f t h e p r o c e s s i s i n s t a t e 
i . I t i s assumed t h a t a n i n v e s t i g a t i o n and p o s s i b l e c o r r e c t i o n t a k e p l a c e 
i m m e d i a t e l y and a r e f u „ l y e f f e c t i v e , t h u s r e t u r n i n g t h e s y s t e m t o s t a t e 1 . 
3 . The p r o c e s s i s c h a r a c t e r i z e d by a f i n i t e o p e r a t i n g t i m e . 
4 . The a c t i o n s e t c o n s i s t s o f two e l e m e n t s , A « { a i , a 2 ) , w h e r e a j 
i s i n v e s t i g a t e and a 2 i s do n o t h i n g . 
5 . C o s t o b s e r v a t i o n s , r e c e i v e d a t t h e end o f t h e p e r i o d , a r e s a m ­
p l e s f r o m d i s c r e t e , s t a t e - r e l a t e d c o s t d i s t r i b u t i o n s . I t i s assumed t h a t 
a r e p o r t e d c o s t , 6 , i s f r o m a f i n i t e s e t o f M p o s s i b l e c o s t o b s e r v a t i o n s 
and t h a t e l e m e n t s i n t h e s e t a r e n o t n e c e s s a r i l y o n e - t o - o n e w i t h t h e s t a t e s . 
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L a t e r i n t h e t h e s i s , i t e m s (3) and (4) i n t h e l i s t above w i l l be 
m o d i f i e d . S p e c i f i c a l l y , a n i n f i n i t e p l a n n i n g h o r i z o n w i l l be c o n s i d e r e d 
i n C h a p t e r I V and a n expanded a c t i o n s e t w i l l be examined i n C h a p t e r V . 
D e t a i l s o f t h e POM M o d e l 
A t t h e b e g i n n i n g o f p e r i o d n , management must make a c o n t r o l d e ­
c i s i o n b a s e d o n t h e c o s t r e p o r t r e c e i v e d a t t h e end o f t h e p r e v i o u s p e r i o d 
a l o n g w i t h a l l p a s t k n o w l e d g e o f t h e p r o c e s s , b u t w i t h o u t n e c e s s a r i l y f u l l 
k n o w l e d g e a b o u t t h e c u r r e n t s t a t e o f t h e s y s t e m . A c o n t r o l a l t e r n a t i v e , 
a€A, i s s e l e c t e d so as t o m i n i m i z e d i s c o u n t e d e x p e c t e d t o t a l c o s t o v e r t h e 
e n t i r e p l a n n i n g h o r i z o n . A f t e r a d e c i s i o n i s made and i m p l e m e n t e d , t h e 




V 1 N , N s s 
w h e r e P i s t h e p r o b a b i l i t y t h a t t h e p r o c e s s makes t h e t r a n s i t i o n f r o m 
s t a t e i t o s t a t e j , g i v e n t h a t a l t e r n a t i v e a€A was s e l e c t e d . 
A t t h e end o f the p e r i o d , a c o s t r e p o r t i s r e c e i v e d w h e r e t h e 
p r o b a b i l i t y o f a p a r t i c u l a r c o s t b e i n g r e p o r t e d i s g i v e n b y t h e s t o c h a s ­
t i c p r o b a b i l i t y c o s t m a t r i x , R . 
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r 11 r 12 r 1 , M 
R = 
r. N , 1 
s ' 
r. r, N ,M s ' 
E a c h e l e m e n t o f R , r . , i s t h e p r o b a b i l i t y t h a t t h e r e p o r t e d c o s t i s 6 , 
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g i v e n t h a t t h e t r u e 3 t a t e o f t h e p r o c e s s i s j . N o t e t h a t t h e s e t o f 
p o s s i b l e c o s t o b s e r v a t i o n s i s i n d e p e n d e n t o f t h e a l t e r n a t i v e s e l e c t e d , 
a p r o p e r t y n o t n e c e s s a r i l y b e l o n g i n g t o a p a r t i a l l y o b s e r v a b l e M a r k o v 
p r o c e s s i n g e n e r a l . 
s i b l e f o r one o r more o t h e r s t a t e s , t h e t r u e s t a t e o f t h e p r o c e s s i s n o t 
known e x a c t l y . I f t h e r e e x i s t e d a p e r f e c t c o r r e s p o n d e n c e b e t w e e n s t a t e s 
o f t h e p r o c e s s and c o s t o b s e r v a t i o n s , t h e n t h e t r u e s t a t e w o u l d i m m e d i a t e ­
l y become known . The p r o b l e m w o u l d r e d u c e t o a c o m p l e t e l y o b s e r v a b l e 
M a r k o v p r o c e s s w i t h i t s s o l u t i o n d e t e r m i n e d u s i n g H o w a r d ' s p o l i c y i t e r a ­
t i o n a l g o r i t h m [ 1 0 ] . S i n c e t h i s i s n o t t h e c a s e , t h e d e c i s i o n made e a c h 
p e r i o d i s c o n d i t i o n e d on t h e p r o b a b i l i t i e s t h a t t h e p r o c e s s i s f o u n d t o 
b e i n e a c h o f t h e s t a t e s r a t h e r t h a n o n t h e s t a t e s o f t h e p r o c e s s t h e m ­
s e l v e s . T h e s e p r o b a b i l i t i e s a r e u p d a t e d e a c h p e r i o d by B a y e s i a n methods 
so a s t o i n c l u d e t h e e f f e c t s o f b o t h t h e M a r k o v i a n b e h a v i o r o f t h e p r o ­
c e s s as w e l l as t h e i n f o r m a t i o n a v a i l a b l e t h r o u g h t h e c o s t r e p o r t . T h i s 
i s an examp le o f a p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s , as d e s c r i b e d b y 
The u n d e r l y i n g d i s c r e t e - t i m e , f i n i t e - s t a t e M a r k o v p r o c e s s i s m o d e l e d 
a s a d i s c r e t e - t i m e , c o n t i n u o u s - s t a t e M a r k o v p r o c e s s . The s t a t e i s t h e 
S i n c e many o f t h e c o s t v a l u e s f o r one s t a t e a r e u s u a l l y a l s o pos 
[ 2 2 , 2 6 ] . 
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p r o b a b i l i t y v e c t o r TT ••= [TTJ ,TT 2 , . , . ,TT ]> w h e r e IR. i s t h e p r o b a b i l i t y t h a t 
s 1 
t h e c u r r e n t s t a t e i s :L, The v a l u e TT i s s a i d t o b e t h e s t a t e o f k n o w l e d g e 
o f t h e u n d e r l y i n g p r o c e s s . 
F o r e x a m p l e , i n a t h r e e - s t a t e p r o c e s s t h e s t a t e o f k n o w l e d g e may 
b e r e p r e s e n t e d as a p o i n t i n t h e s i m p l e x shown i n F i g u r e 2 . The i - t h 
c o o r d i n a t e o f t h e p o i n t i n d i c a t e s t h e p e r p e n d i c u l a r d i s t a n c e f r o m t h e 
p o i n t t o t h e s i d e o p p o s i t e t h e i - t h v e r t e x . 
F i g u r e 2 . The S e t I I f o r a T h r e e - s t a t e P r o c e s s 
G i v e n t h a t t h e p r o b a b i l i t y v e c t o r a t t h e b e g i n n i n g o f p e r i o d n i s 
TT, and a c o s t o f 9 i s o b s e r v e d a f t e r i m p l e m e n t i n g a l t e r n a t i v e a « A , t h e u p ­
d a t e d p r o b a b i l i t y v e c t o r a t t h e b e g i n n i n g o f p e r i o d n + 1 i s TT * = [TT * ,IR^,.. . , 
TT 1 ] w h e r e 
n 
Z T T . p a . r Z IR .p a . r . f l 
TT; = i 1 X J J 9 =: i 1 X J J 9 (1) 
J Z Z IR .p a . r . f t P / i { 0 | T r , a } 
• i i j j 9 1 
i 3 
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F o r s i m p l i c i t y , d e f i n e T as t h e o p e r a t o r w h i c h u p d a t e s IT by e q u a ­
t i o n ( 1 ) , g i v e n 9 and a c A , 
TT ' « T ( T r | 0 , a ) 
I n m a t r i x n o t a t i o n , 
«*\ 
7 7 " P/L{9 |TT ,a} 
whe re Rg i s a n N g * K g d i a g o n a l m a t r i x , t h e v a l u e s o n t h e d i a g o n a l b e i n g 
t h e v a l u e s i n t h e 9 - c o l u m n o f R . 
I n d e t e r m i n i n g t h e o p t i m a l p o l i c y i t i s n e c e s s a r y t o f i r s t c a l c u ­
l a t e t h e i m m e d i a t e e x p e c t e d c o s t f o r t h e p r o c e s s f o r e a c h a v a i l a b l e d e ­
c i s i o n . When t h e d e c i s i o n c h o s e n i s t o i n v e s t i g a t e , a c o s t o f w i l l 
b e i n c u r r e d i f t h e p r o c e s s i s i n s t a t e i . may be t h o u g h t o f as a n e x ­
p e c t e d c o s t o f i n v e s t i g a t i o n and c o r r e c t i o n f o r s t a t e i . 
S i n c e an i n v e s t : i g a t i o n g u a r a n t e e s a r e t u r n t o s t a t e 1 , t h e t r a n s i ­
t i o n m a t r i x u n d e r t h i s a l t e r n a t i v e h a s rows w h i c h a r e a l l i d e n t i c a l . E a c h 
o f t h e s e rows i s t h e same as t h e f i r s t row i n t h e t r a n s i t i o n m a t r i x f o r 
t h e d o - n o t h i n g a l t e r n a t i v e . Thus t h e i m m e d i a t e e x p e c t e d c o s t o f i n v e s t i ­
g a t i o n when i n s t a t e i i s g i v e n by 
a l r a i 
w h e r e a]_ i s t h e d e c i s i o n t o i n v e s t i g a t e . 
The immed ia te e 2 : p e c t e d c o s t when i n s t a t e i f o r a d o - n o t h i n g 
2 1 
d e c i s i o n i s g i v e n by 
Y " = I P 3 ? r . 
i > 0 ^ r 
w h e r e a 2 i n d i c a t e s t h a t no a c t i o n i s c h o s e n . 
a 
I n g e n e r a l , y i s t h e v e c t o r o f i m m e d i a t e e x p e c t e d c o s t s u n d e r 
a l t e r n a t i v e a€A . I f IT i s t h e c u r r e n t p r o b a b i l i t y v e c t o r , t h e n t h e immed-
i a t e e x p e c t e d c o s t la f o u n d by iry . 
D e f i n e C n (7r) as t h e minimum d i s c o u n t e d e x p e c t e d t o t a l c o s t g i v e n 
t h a t : ( 1 ) t h e r e a r e n p e r i o d s r e m a i n i n g u n t i l t e r m i n a t i o n o f t h e p r o c e s s , 
( 2 ) t h e s t a t e p r o b a b i l i t y v e c t o r a t t h e b e g i n n i n g o f t h e c u r r e n t p e r i o d 
i s TT, and ( 3 ) an o p t i m a l p o l i c y i s f o l l o w e d f o r t h e n e x t n p e r i o d s . I t 
c a n b e shown t h a t C n (7r) s a t i s f i e s t h e r e c u r s i o n : 
C N ( T T ) = min{7 7 T . y a + 3 I 7 7 . P a . £ r . p C ^ f T O r l 0 , a ) ) } 
a f i ' i ± ^ i i j 0 J 0 ^ 
w h i c h i s e q u i v a l e n t t o 
C n ( i r ) - m ln { iTY a + 3 ^ P / L C e l T T . a J C 1 1 " 1 ( T ( 7 r | 6 , a ) ] } ( 2 ) 
9 
The O n e - p a s s A l g o r i t h m 
The r e c u r s i v e e q u a t i o n ( 2 ) must be s o l v e d i n o r d e r t o d e t e r m i n e 
o p t i m a l p o l i c i e s r e g a r d i n g t h e i n v e s t i g a t i o n o f c o s t v a r i a n c e s . F o r t w o -
s t a t e p r o b l e m s , e q u a t i o n ( 2 ) c a n be e x p r e s s e d i n one unknown , s i n c e t h e 
p r o b a b i l i t i e s o f t h e s t a t e s sum t o o n e , and i t s s o l u t i o n i s r e l a t i v e l y 
s t r a i g h t f o r w a r d u s i n g backward r e c u r s i o n . I n p r o b l e m s w i t h g r e a t e r t h a n 
* 2 
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two s t a t e s , f i n d i n g t h e s o l u t i o n t o (2) i s more d i f f i c u l t . One method i s 
t o d i v i d e t h e p r o b a t i l i t y s t a t e s p a c e i n t o a g r i d and s o l v e (2) by c o n ­
v e n t i o n a l m e t h o d s , s u c h a s H o w a r d ' s p o l i c y i t e r a t i o n a l g o r i t h m . U n f o r ­
t u n a t e l y , t h i s s u f f e r s f r o m t h e " c u r s e o f d i m e n s i o n a l i t y " i n t h a t t h e 
amount o f c o m p u t a t i o n a l w o r k i n c r e a s e s e x p o n e n t i a l l y as t h e u n d e r l y i n g 
s t a t e s p a c e i n c r e a s e s . 
S o n d i k [26] has d e v e l o p e d a t e c h n i q u e , c a l l e d t h e O n e - p a s s A l g o ­
r i t h m , w h i c h i s u s e d t o s o l v e p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s e s . The 
a l g o r i t h m e n a b l e s a s i g n i f i c a n t l y l a r g e r s i z e p r o b l e m t o be s o l v e d t h a n 
by t h e u s u a l l y e n c o u n t e r e d p r o c e d u r e o f d i s c r e t i z i n g t h e p r o b a b i l i t y 
s t a t e s p a c e by means o f a r e g u l a r g r i d . W i t h t h e O n e - p a s s A l g o r i t h m , a s 
t h e u n d e r l y i n g s t a t e s p a c e , N g , i n c r e a s e s , t h e amount o f c o m p u t a t i o n a l 
w o r k i n c r e a s e s a t a r a t e p r o p o r t i o n a l t o (N )^ w h e r e I i s b e t w e e n two and 
f o u r . 
P r o p e r t i e s o f t h e C o s t F u n c t i o n 
I n s i t u a t i o n s where t h e r e a r e o n l y a f i n i t e number o f p e r i o d s u n t i l 
t e r m i n a t i o n , t h e r e e x i s t s an i m p o r t a n t p r o p e r t y o f t h e f u n c t i o n C n ( * ) 
w h i c h a l l o w s i t s s o l u t i o n t o b e e x p r e s s e d i n a s i m p l e f o r m . T h i s p r o p e r t y 
s t a t e s t h a t o v e r t h e s e t H , C n ( * ) i s p i e c e w i s e l i n e a r and c o n c a v e [ 2 6 ] . 
See F i g u r e 3 . The p i e c e w i s e l i n e a r i t y c a u s e s t h e p r o b a b i l i t y s t a t e s p a c e 
H t o b e p a r t i t i o n e d i n t o a f i n i t e s e t o f r e g i o n s {R^,R£,. . . ,R N ^ N ^}t Due 
S 
t o t h i s p r o p e r t y , C n ( ' T ) c a n b e r e w r i t t e n as 
C I L ( T T ) = min{7Tc£} k < L , , . . , S ( n ) (3) 
k k 
£ Whenever t h e s u p e r s c r i p t n a p p e a r s on a v a r i a b l e , n i s t h e number o f 
p e r i o d s u n t i l t e r m i n a t i o n . 
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whe re a f i s a n a - v e c t o r f r o m t h e s e t ( c t ? , a ^ , . . . , a n , N } . E a c h a - v e c t o r 
k i f " g ( n ) 
c o r r e s p o n d s t o one o f t h e r e g i o n s o f t h e p r o b a b i l i t y s t a t e s p a c e and 
c a n b e t h o u g h t o f as t h e s l o p e o f C N ( T T ) a t TT. A s s o c i a t e d w i t h e a c h o f 
t h e a - v e c t o r s i s a d e c i s i o n a l t e r n a t i v e w h i c h i s t h e o p t i m a l d e c i s i o n f o r 
a l l v a l u e s o f TT t h a t l i e i n t h a t r e g i o n . 
F o r e x a m p l e , i n F i g u r e 3 , assume t h a t TT l i e s i n r e g i o n RtJ. A s s o ­
c i a t e d w i t h RLJ i s a - v e c t o r w h i c h g i v e s 
~n / N n C (TT) = TT 
The d e c i s i o n a - 5 l j , a s s o c i a t e d w i t h a£ i s t h e o p t i m a l d e c i s i o n f o r T T C R J . 
F i g u r e 3 . C o s t F u n c t i o n f o r a T h r e e - s t a t e P r o c e s s 
The a - v e c t o r s and t h e i r a s s o c i a t e d d e c i s i o n r u l e s a r e d e t e r m i n e d 
by a p p l y i n g S o n d i k ' s O n e - p a s s A l g o r i t h m f o r p a r t i a l l y o b s e r v a b l e M a r k o v 
p r o c e s s e s . Once t h e s e : o f a - v e c t o r s h a s b e e n f o u n d , t o d e t e r m i n e t h e 
o p t i m a l d e c i s i o n f o r a g i v e n TT, f i n d a £ s u c h t h a t 
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C N ( T T ) = m in TT a n j = l , . . . , S ( n ) 
j 3 
The d e c i s i o n a l t e r n a t i v e , a s s o c i a t e d w i t h ct^ i s t h e o p t i m a l d e c i s i o n . 
To s e e how t h s s e a - v e c t o r s a r e c a l c u l a t e d , r e c a l l e q u a t i o n ( 2 ) . 
F o r a s p e c i f i c TT € 
C n ( T T ) = m i n { T T Y a + 3 £ P^(9 | ?r ^ C 1 1 " 1 (T(TT[ 9 , a ) ) } (2) 
a 9 
From ( 3 ) , 
C ^ f T C i r l e . a ) ) - m i n T ( T r | 9 , a ) a ? " 1 ; j = l , . . . , S ( n - 1 ) 
S u b s t i t u t i n g t h i s i n t o ( 2 ) , 
C N ( T T ) = m i n { T r y a + 3 Z m i n { 0 | T r , a } T ( T r | 9 , a ) a r 1 " 1 } , 
a 9 J 3 
j - i , . . . , s ( n - 1 ) 
S i n c e 
7 T P a R 
t h e n 
C N ( T T ) = m i n { T r a a + 3 I m in TT P a R a . } (4) 
a 0 j 3 
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L e t a * be th<i m i n i m i z i n g a l t e r n a t i v e f o r ( 4 ) . T h e n f o r TreR^, 
a ? = Y * * + 3 £ m in P a * R f l a"" 1 ; j - l , . . . , S ( n - 1 } (5) 
T h e r e f o r e , g i v e n t h e s e t o f a - v e c t o r s f o r n - 1 r e m a i n i n g t i m e 
p e r i o d s , t h e e n t i r e s e t o f a - v e c t o r s f o r n r e m a i n i n g p e r i o d s c a n b e c a l ­
c u l a t e d u s i n g (4) and ( 5 ) . 
H o w e v e r , an a - v e c t o r c a n n o t b e e x p l i c i t l y c a l c u l a t e d f o r e v e r y 
p o i n t i n t h e s e t II, 3 i n c e II i s an i n f i n i t e s e t . One p o s s i b l e method f o r 
c a l c u l a t i n g t h e a - v e c t o r s f r o m t h e g i v e n i n f o r m a t i o n i s t o d i v i d e t h e 
p r o b a b i l i t y s t a t e s p a c e i n t o a r e g u l a r g r i d . T h e a - v e c t o r s f r o m t h i s 
f i n i t e s e t o f T r - v a l u e s c a n be c a l c u l a t e d and a l i s t made o f d i f f e r e n t 
a - v e c t o r s . T h e r e i s a h o w e v e r , no g u a r a n t e e t h a t a l l o f t h e a - v e c t o r s f o r 
a p a r t i c u l a r t i m e p e r i o d w i l l b e f o u n d . 
I n t h e O n e - p a s s A l g o r i t h m , t h e p a r t i t i o n i n g o f t h e p r o b a b i l i t y 
s t a t e s p a c e i n d u c e d by t h e p i e c e w i s e l i n e a r i t y o f t h e c o s t f u n c t i o n i s 
u s e d d i r e c t l y i n c a l c u l a t i n g t h e a - v e c t o r s . I n e a c h r e g i o n o f t h e p a r t i ­
t i o n , C N ( T T ) i s a l i n e a r f u n c t i o n o f TT, and t h i s f i n i t e s e t o f r e g i o n s 
f o r m s a o n e - t o - o n e c o r r e s p o n d e n c e w i t h t h e s e t o f a - v e c t o r s i n t h e f i n a l 
s o l u t i o n . 
The I n i t i a l S t e p o f t h e A l g o r i t h m 
Assume t h a t t h a number o f r e m a i n i n g t i m e p e r i o d s i s n £ 1 and t h a t 
t h e s e t { a 1 1 " 1 , . . . ,a n,^ , N} h a s b e e n d e t e r m i n e d . F o r n = l , t h e s e t {a? 1 } j g ( r i - 1 ) 3 
i s t h e t e r m i n a l c o s t v e c t o r . F o r e a c h 7 T 6 H , t h e mapp ing f u n c t i o n 
d ( T T , 0 , a ) i s d e f i n e d as t h e m i n i m i z i n g s u b s c r i p t i n t h e e q u a t i o n 
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TT E A R cF~l = m i n TT P A R n an~l , 0 d(TT,0,a) j 0 J 
T h a t i s , f o r a g i v e n TT, d (T f , 0 , a ) maps t h e p a i r (0 ,a) o n t o t h e s e t o f t h e 
a 1 1 " " ^ v e c t o r s . - Thus C n(Tr) c a n b e w r i t t e n as 
C n (Tr ) = m i n { T r y a + 3 Z T r P a R ( , a ^ fl A 
a Q 9 d (TT , 9 , a ) 
To b e g i n t h e a l g o r i t h m , c h o o s e a n i n i t i a l TTQ , s a y TT Q = ( 1 , 0 , . . . , 0 ) . 
F o r TTQ , d e t e r m i n e the mapp ing f o r e a c h p a i r (0 ,a) and c a l c u l a t e C n (TTo) . 
C n ( ^ = m i n { U 0 Y A + S ^ 0 P a R 9 A ° - ^ J 9 ) A ) } (6) 
F o r t h e r e g i o n c o n t a i n i n g TTQ , l e t t h e m i n i m i z i n g a l t e r n a t i v e be a * . 
The a s s o c i a t e d a - v e c t o r i s a * , w h e r e 
R
 Q "8 d ( T T O , 0 , a * ) 
D e t e r m i n i n g t h e R e g i o n C o n t a i n i n g TTQ 
The n e x t s t e p o f t h e a l g o r i t h m i s t o d e t e r m i n e t h e r e g i o n i n II f o r 
w h i c h a * i s t h e a p p r o p r i a t e a - v e c t o r . As a p r e l i m i n a r y , c o n s i d e r F i g u r e 
4, a n i l l u s t r a t i o n o f a. t w o - s t a t e p r o c e s s . F i g u r e 4 shows t h e minimum 
c o s t f u n c t i o n a t t i m e n - 1 . Assume t h e s e t o f a - v e c t o r s a t t i m e n - 1 c o n ­
s i s t s o f o n l y two e l e m e n t s . The two l i n e a r segments c o r r e s p o n d t o Tra^ 1 
n - 1 
and "JTCL2 
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F i g u r e 4. C o s t F u n c t i o n f o r a T w o - s t a t e P r o c e s s a t T ime n - 1 
F o r a s p e c i f i c a l t e r n a t i v e a f A , d e f i n e 
f (TT|8,) = m i n 3 IT P a R 0 a ? " " 1 a i j 9. 2 
w h e r e f (TT 9.) i s one o f t h e te rms u n d e r t h e summat ion on t h e r i g h t hand 
a l & 
s i d e o f e q u a t i o n (4). F i g u r e s 5 -a and 5-b show f (17(92) and f ("n"[ 92) » 
a a 
r e s p e c t i v e l y . N o t e t h a t s i n c e t h e r e a r e o n l y two l i n e a r segmen ts i n 
C n ^"(TT), t h e r e c a n o n l y b e two l i n e a r segments i n f ( T T | 9 . ) . F i g u r e 5 -c 
a 1 
i l l u s t r a t e s I f (TT10) v h i c h r e p r e s e n t s t h e t o t a l f u t u r e c o s t f o r t h e r e -
9 A 
m a i n i n g n - 1 p e r i o d s . 
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f 0 r | v 2 ) 
Z f (Trl0) 
e a 
( 1 , 0 ) _ ( 0 > 1 ) 
5 - c 
F i g u r e 5 . F u t u r e C o s t f o r a T w o - s t a t e P r o c e s s a t T ime n 
D e f i n e C n ( lT ) as t h e c o s t f u n c t i o n f o r a l t e r n a t i v e a € A . 
a 
F i g u r e 6 shows C n ( T r ) , the sum o f t h e two f u n c t i o n s T r y 3 and Z f ( T T | 9 ) . 
a Q a 
N o t e t h a t . C n ( T r ) h a s t h e same p i e c e w i s e l i n e a r , c o n c a v e c h a r a c t e r i s t i c s 
cl 
as C N ( T T ) . 
(1,0)- •<0,1) a? R5 *3 
F i g u r e 6 . C o s t F u n c t i o n f o r a T w o - s t a t e P r o c e s s a t 
T ime n f o r A l t e r n a t i v e a € A 
(1,0) 
C^CTT) 
1 , 1 1 p n > 1  1 R 1 I 1 1 1 R ? ' 1 ! 
1 R ° ' 2 1 1 1 R2'2 ! 
! 
R ? i 
1 1 1 I j R L 
(0,1) 
n, P a r t i t i o n o f C ^ T T ) 
P a r t i t i o n o f C ^ T T ) 
n P a r t i t i o n o f C (TT) 
F i g u r e 7 . C o s t F u n c t i o n f o r a T w o - s t a t e P r o c e s s a t T ime n 
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C o n s i d e r F i g u r e 7 . T h i s i s an examp le o f a t w o - s t a t e p r o b l e m 
w h i c h h a s two a v a i l a b l e d e c i s i o n a l t e r n a t i v e s . The c o s t f u n c t i o n C N ( T R ) 
p a r t i t i o n s t h e p r o b a b i l i t y s t a t e s p a c e i n t o t h r e e r e g i o n s , C 2 ( T R ) p a r t i ­
t i o n s i t i n t o two r e g i o n s . The minimum o f C^ (TT ) and C 2 ( T T ) i s C n ( i r ) and 
p a r t i t i o n s t h e s t a t e s p a c e i n t o t h r e e r e g i o n s . L e t t h e u n i o n o f t h e 
b o u n d a r i e s o f t h e p a r t i t i o n s i n d u c e d by t h e t h r e e c o s t f u n c t i o n s f o r m a 
new p a r t i t i o n , R = 1 .R]_ , R 2 , . . . > E a c h o f t h e r e g i o n s i n R d i f f e r s 
f r o m a n a d j a c e n t r e g i o n i n one o f t h e f o l l o w i n g w a y s : 
1 . T h e a d j a c e n t r e g i o n h a s t h e same m i n i m i z i n g a l t e r n a t i v e , t h e 
same A - v e c t o r , b u t a d i f f e r e n t s e t o f m a p p i n g s , f o r e x a m p l e , a d j a c e n t 
^ n ^ n 
r e g i o n s R i and R 2 . 
2 . T h e a d j a c e n t r e g i o n h a s t h e same s e t o f mapp ings b u t a d i f f e r ­
e n t m i n i m i z i n g a l t e r n . i t i v e and t h e r e f o r e a d i f f e r e n t A - v e c t o r , f o r examp le 
J . . . ^ n , ^ n 
a d j a c e n t r e g i o n s R 2 and R 3 . 
3 . The a d j a c e n t r e g i o n h a s t h e same m i n i m i z i n g a l t e r n a t i v e , a 
' V n 
d i f f e r e n t A - v e c t o r anci a d i f f e r e n t s e t o f m a p p i n g s , f o r e x a m p l e , R 4 and 
at. 
^ n 
A t t h i s s t a g e o f t h e a l g o r i t h m t h e r e g i o n i n R c o n t a i n i n g TTQ i s 
d e f i n e d by f i n d i n g a l l a d j a c e n t r e g i o n s . To f i n d t h e s e r e g i o n s , f i r s t 
c o n s i d e r t h e r e g i o n i n IT w h i c h c o n t a i n s t h e i n i t i a l p o i n t TTQ, d e n o t e d R L . 
C o n s i d e r mov ing away f::om TTQ u n t i l some TT i s r e a c h e d w h i c h i s on t h e 
b o u n d a r y o f an a d j a c e n t : r e g i o n . T h e r e a r e t h r e e ways f o r t h i s t o o c c u r . 
I n t h e f i r s t c a s e , some TT i s r e a c h e d s u c h t h a t t h e a d j a c e n t r e g i o n 
has c h a r a c t e r i s t i c (1) as d e s c r i b e d a b o v e . F o r some a l t e r n a t i v e a ^ a * , 
one i t e m i n t h e g i v e n s e t o f mapp ings { ( 8 , a ) A ^ c h a n g e s f o r some 8 ; 
t h a t i s , d ( T T 0 , 8 , a ) f d ( i r , 9 , a ) . P o i n t TT i n F i g u r e 7 i l l u s t r a t e s t h i s . 
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Thus p o i n t s i n t h e r e g i o n c o n t a i n i n g TTQ s a t i s f y 
T%a _ n—1 s _ a „ n—1 
rr P R 0 a , , 0 . 1 TT P R 0 a . } 0 d(7r 0 ,9 ,a ) 9 j 7 
j ^d ( T T 0 , e , a ) 
f o r a l l 9 
o r 
-r.a _ v n— 1 n—K <• 
9 d(TT O ,0,a) j 
2 , . . . , 
j ^d ( T T 0 , 9 ,a ) 
f o r a l l 9 
I n t h e s e c o n d c a s e , some TT i s r e a c h e d s u c h t h a t t h e a d j a c e n t re ­
g i o n h a s c h a r a c t e r i s t i c (2) as d e s c r i b e d a b o v e . F o r t h e g i v e n s e t o f 
m a p p i n g s , t h e m i n i m i z i n g a l t e r n a t i v e i n e q u a t i o n (6) c h a n g e s ; t h a t i s , 
T r y a * + 3 T r E P a * ] l f l a ^ Z. TT y ~ + 3 TT Z P " R Q a ' . 0 , 0 9 d ( i T 0 , 9 , a * ) e 9 d ( T T 0 , 9 , a ) 
P o i n t TT i l l u s t r a t e s t h i s o c c u r r e n c e . P o i n t s i n t h e r e g i o n c o n t a i n i n g 
b 
TTQ s a t i s f y 
T r a * - T r a ~ 0 f o r a l l a ^ a ' 
a 
w h e r e 
a = y a + 3 S P a R f l c£7i A , ci e 0 d ( T r o , 0 , a ) 
I n t h e t h i r d c a s e , some TT i s r e a c h e d s u c h t h a t t h e a d j a c e n t r e g i o n 
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h a s c h a r a c t e r i s t i c {3) as d e s c r i b e d p r e v i o u s l y . F o r a l t e r n a t i v e a , one 
i t e m i n t h e g i v e n s e t o f mapp ings {(9,a ) a / c h a n g e s f o r some 9; t h a t 
i s , d ( 7 T 0 , 9 , a * ) d ( r , 9 , a * ) . P o i n t T T c i l l u s t r a t e s t h i s . P o i n t s i n t h e 
r e g i o n c o n t a i n i n g TTQ s a t i s f y 
9 d ( T T Q , e , a * ) 9 j 
jfl d ( T T 0 , 9 , a * ) 
f o r a l l 9 
o r 
„ a * _ , n-1 n - l N < n 
9 d ( T T 0 , 9 , a * ) j ' 
1-1 s ( n " 1 } 
j ^ d ( T T 0 , 9 , a * ) 
f o r a l l 9 
S e t t i n g up t h e L i n e a r P r o g r a m 
The r e g i o n c o n t a i n i n g TTg i s a c o n v e x r e g i o n fo rmed by t h e s e t o f 
c o n s t r a i n t s 
TT(a* - a ) - 0 f o r a l l a ^ a * (7) 
a 
^ V ° d i , e , a ) - « T l } - 0 (8) 
f o r a l l a ^ a * 
f o r a l l 9 
f o r a l l j ^ d ( T T Q , 9 , a ) 
33 
r P a R F L (a: (9) 
f o r a l l 0 
f o r a l l ĵ d(TTo , 0 , a * ) 
a l o n g w i t h 
y TT. - i 
TT. 1 > 0 
Some o f t h e s e c o n s t r a i n t s a r e u n n e c e s s a r y i n t h a t t h e y a r e n o t 
p a r t o f t h e c o n v e x h u l l f o r m e d b y t h e s e t o f c o n s t r a i n t s . I n o r d e r t o 
f i n d t h e c o n v e x h u l l o f t h e s e c o n s t r a i n t s , l e t e a c h o f t h e c o n s t r a i n t s , 
f ^ , i n ( 7 ) , ( 8 ) , and (9) b e , i n t u r n , t h e o b j e c t i v e f u n c t i o n t o t h e 
l i n e a r p rog ramming p r o b l e m : 
max: f . 
s . t ; Tr(a* - a ) 0 f o r a l l a ^ a * 
T T P £ L R Q (d < 0 
f o r a l l a ^ a * 
f o r a l l 0 
f o r a l l j ^ d ( T T O , 0 , a ) 
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TT P a R f l (a 
f o r a l l 0 
f o r a l l j ^ d ( T T 0 , e , a * ) 
i 
TT . 1 > 0 
I f , a t o p t i m a l i : y , t h e o b j e c t i v e f u n c t i o n e q u a l s z e r o , t h e n t h e 
c o r r e s p o n d i n g c o n s t r a i n t i s p a r t o f t h e c o n v e x h u l l f o r m i n g t h e convex 
r e g i o n w h i c h c o n t a i n s ir0. F o r e a c h c o n s t r a i n t d e t e r m i n e d t o be p a r t o f 
t h e c o n v e x h u l l , a n a d j a c e n t r e g i o n h a s b e e n f o u n d . I f i t i s a c o n s t r a i n t 
f r o m ( 7 ) , t h e new r e g i o n has t h e same s e t o f m a p p i n g s , b u t t h e a - v e c t o r 
c h a n g e s t o a^ and t h e n i n i m i z i n g a l t e r n a t i v e i s a . I f t h e c o n s t r a i n t i s 
f r o m ( 8 ) , t h e new r e g i o n h a s t h e same a - v e c t o r , t h e same m i n i m i z i n g a l ­
t e r n a t i v e , b u t one i t e m i n t h e s e t o f mapp ings changes f r o m d (TTQ , 0 , a ) t o 
j . F o r a c o n s t r a i n t f r o m ( 9 ) , t h e new r e g i o n h a s t h e same m i n i m i z i n g 
a l t e r n a t i v e , t h e new a - v e c t o r i s P ^ R ^ c t 1 ? " 1 , and one i t e m i n t h e s e t o f 
m a p p i n g s changes f r o m c ( T T Q , 0 , a * ) t o j . E a c h t i m e a new r e g i o n i s f o u n d , 
i t i s o n l y n e c e s s a r y tc r e c o r d i t s m i n i m i z i n g a l t e r n a t i v e , i t s a - v e c t o r 
and i t s s e t o f m a p p i n g s . 
The a l g o r i t h m t h u s c o n t i n u e s i n t h e same f a s h i o n by c o n s i d e r i n g 
any new r e g i o n and i t s d e s c r i p t i v e c h a r a c t e r i s t i c s . The s e t o f c o n ­
s t r a i n t s a s s o c i a t e d w i t h t h e r e g i o n a r e f o r m e d and a d d i t i o n a l r e g i o n s 
l o c a t e d . The e n t i r e s e t o f a - v e c t o r s w i l l be f o u n d by t h i s method b e ­
c a u s e t h e s t a t e s p a c e II w i l l be s e a r c h e d c o m p l e t e l y . 
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R e c a l l t h a t the o b j e c t i v e o f t h e a l g o r i t h m i s t o f i n d t h e s e t o f 
a - v e c t o r s c o r r e s p o n d i n g t o t h e r e g i o n s i n t h e p a r t i t i o n f o rmed by C n (Tr) . 
T h i s i s done s i m p l y by l i s t i n g a l l t h e d i f f e r e n t a - v e c t o r s f o u n d i n t h e 
above p r o c e d u r e , i g n o r i n g any d i f f e r e n c e s i n t h e m a p p i n g s . 
I n summary, t h e m a j o r s t e p s o f t h e a l g o r i t h m a r e as f o l l o w s : 
1 , Choose a n i n i t i a l p o i n t TTQ. 
2 . D e t e r m i n e C (TTQ) . T h i s e s t a b l i s h e s a , a and t h e s e t o f 
m a p p i n g s , 
3 , P l a c e a , a , and t h e s e t o f mapp ings o f t h e f i r s t r e g i o n on 
t h e l i s t o f r e g i o n s t o b e s e a r c h e d . 
4 , C h o o s e a r e g i o n t o b e s e a r c h e d . S t o p i f t h e l i s t i s empty . 
5 . S e t up t h e l i n e a r p rog ramming p r o b l e m c o r r e s p o n d i n g t o t h a t 
r e g i o n and f i n d a l l a d j a c e n t r e g i o n s . 
6 . Add any new r e g i o n s and t h e i r c h a r a c t e r i s t i c s t o t h e l i s t and 
r e t u r n t o s t e p 4 . 
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CHAPTER I V 
COST VARIANCE INVESTIGATION DECIS IONS: 
THE I N F I N I T E HORIZON CASE 
The m o d e l p r e s e n t e d i n C h a p t e r I I I f o r t h e i n v e s t i g a t i o n o f c o s t 
v a r i a n c e s i s now e x t e n d e d to c o n s i d e r a n i n f i n i t e p l a n n i n g h o r i z o n . S i t ­
u a t i o n s i n w h i c h t h e o p e r a t i n g t i m e u n t i l t e r m i n a t i o n i s unknown and 
w h e r e i t I s assumed t c be l a r g e a r e i n p r a c t i c e m o d e l e d as h a v i n g an i n ­
f i n i t e number o f t i m e p e r i o d s t o o p e r a t e . K a p l a n [13] exam ines t h i s e x ­
t e n s i o n and t h e s o l u t i o n by a l l o w i n g t h e number o f r e m a i n i n g t i m e p e r i o d s 
t o i n c r e a s e u n t i l a s t e a d y s t a t e s o l u t i o n i s f o u n d . H o w e v e r , t h i s I s a 
v e r y i n e f f i c i e n t a p p r o a c h f o r p r o b l e m s h a v i n g more t h a n two s t a t e s and 
p r a c t i c a l l y u n u s a b l e w h e r e t h e r e a r e f i v e o r more s t a t e s . 
The a s s u m p t i o n s f o r t h e i n f i n i t e - h o r i z o n c o s t v a r i a n c e i n v e s t i g a ­
t i o n p r o b l e m a r e i d e n t i c a l t o t h o s e o f t h e f i n i t e - h o r i z o n c a s e , e x c e p t 
f o r t h e o p e r a t i n g t i m e . As w i t h t h e f i n i t e c a s e , t h e t r u e s t a t e o f t h e 
p r o c e s s i s unknown each t i m e p e r i o d e x c e p t i m m e d i a t e l y f o l l o w i n g an i n ­
v e s t i g a t i o n . The p r o c e s s i s m o d e l e d as an i n f i n i t e - h o r i z o n d i s c o u n t e d 
p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s w h e r e t h e s t a t e s p a c e i s IT, r e p r e ­
s e n t i n g k n o w l e d g e o f t h s t r u e s t a t e o f t h e u n d e r l y i n g p r o c e s s . 
R e c a l l t h a t C n (TT ) i s t h e minimum c o s t f o r a p r o c e s s w h i c h h a s n 
r e m a i n i n g o p e r a t i n g p e r i o d s and t e r m i n a l c o s t C 0 ( T T ) . D e f i n e <5n(Tr) as t h e 
o p t i m a l p o l i c y w i t h n r e m a i n i n g p e r i o d s . T h e r e f o r e 
C N ( T T ) = T r y 5 ( 7 7 ) + 3Z Pt{9 |TT , (S n (Tr ) }c n " 1 [T(7r |9,6 n (Tr) ] 
9 
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w h e r e 0 K 3 - 1 . 
D e f i n e 0 * 0 0 as t h e minimum e x p e c t e d c o s t o f a p r o c e s s w h i c h h a s 
a n i n f i n i t e number o f p e r i o d s t o o p e r a t e . I t c a n b e shown t h a t C * ( T T ) 
s a t i s f i e s t h e f o l l o w i n g r e c u r s i o n : 
C*(TT ) = m i n { T T Y a + 3 Z P/L{9 [ T T , a } C * [T (T r | 6 , a ) ]} ( 1 0 ) 
a € A 6 
L e t t h e s e q u e n c e o f p o l i c y r u l e s f o r t h e i n f i n i t e h o r i z o n p o l i c y 
b e r e p r e s e n t e d by { 5 ° , 6 1 , . . . } . I f t h e p o l i c y r u l e i s c o n s t a n t f o r e a c h 
t i m e p e r i o d , t h e p o l i c y i s s t a t i o n a r y and i s d e n o t e d b y 5 = { 5 , 5 , . . . } . 
S o n d i k ' s [ 2 6 ] a l g o r i t h m f o r t h e i n f i n i t e h o r i z o n p r o b l e m w i t h d i s ­
c o u n t i n g c a n be u s e d t o s o l v e c o s t - v a r i a n c e i n v e s t i g a t i o n p r o b l e m s o v e r 
an i n f i n i t e h o r i z o n . As w i t h t h e f i n i t e c a s e , t h e a l g o r i t h m e f f i c i e n t l y 
h a n d l e s p r o b l e m s h a v i n g a l a r g e number o f s t a t e s . The r e m a i n d e r o f t h i s 
c h a p t e r i s a d i s c u s s i o n o f S o n d i k ' s a l g o r i t h m f o r t h e i n f i n i t e - h o r i z o n 
d i s c o u n t e d p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s , a p p l i e d t o t h e N g - s t a t e 
c o s t - v a r i a n c e i n v e s t i g a t i o n p r o b l e m . 
P r e l i m i n a r i e s 
C e r t a i n w e l l - k n o w n p r o p e r t i e s o f t h e o p t i m a l c o n t r o l p o l i c y f o r 
t h e i n f i n i t e - h o r i z o n p r o b l e m w i t h d i s c o u n t i n g a r e now p r e s e n t e d . P r o o f s 
o f t h e s e f o l l o w i n g r e s u l t s c a n be f o u n d i n S o n d i k [ 2 6 ] . 
1 . The minimum d i s c o u n t e d e x p e c t e d c o s t , C * ( I T ) , o f o p e r a t i n g a 
p r o c e s s o v e r an i n f i n i t e number o f t i m e p e r i o d s does e x i s t . 
2 . T h e v a l u e o f C* (TT ) i s t h e l i m i t o f C n ( i T ) as n a p p r o a c h e s i n ­
f i n i t y ; C*(TT ) = l i m C N ( T T ) . 
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3 . C*(TT ) i s i n d e p e n d e n t o f any t e r m i n a l c o s t , C ° ( T T ) . 
4 . The o p t i m a l c o n t r o l p o l i c y i s a u n i q u e s t a t i o n a r y p o l i c y , d e ­
n o t e d (6*)°°. 
5 . The t o t a l d i s c o u n t e d e x p e c t e d c o s t o f any s t a t i o n a r y p o l i c y , 
6°°, i s a w e l l - d e f i n e d f u n c t i o n and i s d e n o t e d by C ( T T | 6 ) . 
S i n c e t h e o p t i m a l p o l i c y i s known t o b e s t a t i o n a r y , a r e a s o n a b l e 
c h o i c e f o r a p o l i c y r u l e w o u l d be (<5N)°° f o r some l a r g e n , w h e r e <5N i s 
t h e p o l i c y t h a t w o u l d be c h o s e n g i v e n n p e r i o d s t o o p e r a t e . The p r o b l e m 
i s t o d e t e r m i n e n l a r g e enough s o t h a t C(TT|<5) i s c l o s e t o C*(TT ) . S o n d i k 
[26] h a s shown t h a t 
sup | C(TT | 6 N) - C * ( T T ) I < Q 
TT " 1-3 
w h e r e 
^ max j a 
Q = . Y • 
a , I 1 ' l 
T h u s , f o r a g i v e n £ > 0 , w h e r e £ i s c h o s e n so t h a t 
sup | C(TT| 5 N ) - C * ( T T ) < 
TT 






F o r v a l u e s o f 3 c l o s e t o 1 , t h e v a l u e o f n becomes i n c r e a s i n g l y l a r g e . 
F o r e x a m p l e , i f Q - 3 , 3 = 0 . 9 , and e = 1 0 " 3 , t h e n n > 1 0 5 . F o r 3 = 0 . 9 8 , 
n > 6 2 5 . 
As t h i s i l l u s t r a t e s , r e p e a t e d a p p l i c a t i o n o f S o n d i k ' s O n e - p a s s 
A l g o r i t h m i s n o t a v e r y p r a c t i c a l method f o r t h e i n f i n i t e - h o r i z o n p r o b ­
l e m . 
The a l g o r i t h m f o r t h e i n f i n i t e h o r i z o n p r o b l e m u s e s t h e O n e - p a s s 
A l g o r i t h m b u t i n a d i f f e r e n t f a s h i o n f r o m s t r a i g h t f o r w a r d r e p e a t e d a p p l i ­
c a t i o n . T h e O n e - p a s s A l g o r i t h m i s u s e d i n a v a r i a t i o n o f H o w a r d ' s p o l i c y 
i t e r a t i o n a l g o r i t h m f o r t h e c o m p l e t e l y o b s e r v a b l e M a r k o v p r o c e s s . F i r s t 
t h e t o t a l d i s c o u n t e d e x p e c t e d c o s t f o r a g i v e n s t a t i o n a r y p o l i c y i s f o u n d 
( v a l u e d e t e r m i n a t i o n ) , t h e n t h i s c o s t i s u s e d i n t h e O n e - p a s s A l g o r i t h m 
t o s e e k a s t a t i o n a r y p o l i c y w i t h a l o w e r c o s t ( p o l i c y i m p r o v e m e n t ) . T h i s 
i s t h e n r e p e a t e d u n t i l a p o l i c y i s f o u n d w h i c h i s e - o p t i m a l : t h a t i s , f o r 
some c o n s t a n t e > 0 , sup | C(TT| 6*) - C*(TT ) | < e . 
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V a l u e D e t e r m i n a t i o n 
I n t h e v a l u e d e t e r m i n a t i o n p a r t o f t h e a l g o r i t h m , t h e t o t a l e x -
i 0 0 p e c t e d c o s t , C ( T T | 5 ) , i s f o u n d f o r a g i v e n s t a t i o n a r y p o l i c y , <5 . B e c a u s e 
t h e p o l i c y d e c i s i o n r u l e i s s t a t i o n a r y , t h e c o s t f u n c t i o n i s w r i t t e n 
C(TT|<5) = T r y 5 ( l T ) + 3£ P^{e|Tr,S}C[T(7r|e,<5)|<5] (11) 
e 
A l t h o u g h C n ( T r | < 5 ) i s p i e c e w i s e l i n e a r , C ( T T | 5 ) i s n o t n e c e s s a r i l y s o . T h i s 
means t h a t S o n d i k ' s a l g o r i t h m as d e v e l o p e d i n C h a p t e r I I I i s n o t d i r e c t l y 
a p p l i c a b l e . 
N o n e t h e l e s s , t h e r e i s a c l a s s o f s t a t i o n a r y p o l i c i e s , c a l l e d 
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f i n i t e l y t r a n s i e n t p o l i c i e s , f o r w h i c h t h e m i n i m a l e x p e c t e d d i s c o u n t e d 
c o s t i s i n f a c t p i e c e w i s e l i n e a r . 
A p o l i c y i s f i n i t e l y t r a n s i e n t i f and o n l y i f t h e r e e x i s t s some 
p o s i t i v e i n t e r g e r , n ^ , s u c h t h a t , a f t e r n^ t r a n s i t i o n s , t h e r e i s no s t a t e 
TT € II w h i c h w i l l l i e i n t h e s e t o f s t a t e s f o r w h i c h two o r more d i s t i n c t 
p o l i c i e s a r e o p t i m a l . 
To a m p l i f y , d e f i n e as t h e s m a l l e s t c l o s e d s e t i n I I f o r w h i c h 
t h e p o l i c y i s d i s c o n t i n u o u s . F o r e x a m p l e , i f f o r a t w o - s t a t e p r o c e s s , 
t h e p o l i c y r u l e i s 
TT < 0 . 4 <5 = ax 
TT > 0 . 4 <5 = a 2 
t h e n = { ( . 4 , . 6 ) } . F o r t h e t h r e e - s t a t e p r o c e s s i l l u s t r a t e d b e l o w , t h e 
p o l i c y r u l e i s 
TT € A 6 = a]_ 
TT € B <5 = a 2 
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T h e s e t c o n s i s t s o f t h e s e t o f p o i n t s w h i c h l i e on t h e b o u n d a r y s e p a r ­
a t i n g A and B . 
C o n s i d e r a s e q u e n c e o f t r a n s i t i o n s f o r a v a l u e TT€LI. The d e f i n i -
co 
t i o n o f t h e o p e r a t o r T f o r t h e p o l i c y r u l e 6 i s as f o l l o w s : 
TT 1 = T(7r|e,<5) 
PA.{0 I 77,6} 
F o r two t r a n s i t i o n s , t h e i t e r a t e d u s e o f t h e o p e r a t o r T i s d e f i n e d as 
T T ( 2 ) = T ( T T | 0 1 , 0 2 , 6 ) - T [ T ( T T | 0 1 , 6 ) | 0 2 , 6 ] 
F o r n^ t r a n s i t i o n s 
^ ( n g ) - T [ T . . . [ T ( 7 r | 0 1 , ( S ) | 9 2 , 6 ] . . . | 0 N ,<$) 
6 
w h e r e T r ^ n ( ^ i s t h e v a l u e i n II w h i c h i s t h e r e s u l t o f n^ t r a n s i t i o n s , 
- 00 
h a v i n g r e c e i v e d a s e q u e n c e o f c o s t o b s e r v a t i o n s , {9X ,0 2 , . . . 9 }. I f 6 
i s f i n i t e l y t r a n s i e n t w i t h i n d e x n ^ , t h e n f o r e v e r y 7r€LL, 
F i n i t e l y t r a n s i e n t p o l i c i e s a r e u s e f u l f o r two r e a s o n s : 
1 . The c o s t o f a f i n i t e l y t r a n s i e n t p o l i c y c a n be r e a d i l y c a l c u ­
l a t e d u s i n g n e a r l y t h e same method o f c o m p u t i n g t h e c o s t as f o r a com­
p l e t e l y o b s e r v a b l e M a r k o v p r o c e s s . 
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2 . Any s t a t i o n a r y p o l i c y h a s p r o p e r t i e s c l o s e l y r e s e m b l i n g a 
f i n i t e l y t r a n s i e n t p o l i c y ; t h u s i t s c o s t c a n be a p p r o x i m a t e d b y u s i n g 
t h e f i n i t e l y t r a n s i e n t p o l i c y c l o s e l y r e s e m b l i n g i t . 
F o r e v e r y p o l i c y w h i c h i s f i n i t e l y t r a n s i e n t , t h e r e e x i s t s a f i n i t e 
p a r t i t i o n V = { W \ , V " 2 , . . . ,V^} o f t h e p r o b a b i l i t y s t a t e s p a c e i n d u c e d b y t h e 
00 
p o l i c y 5 . T h i s p a r t i t i o n i s t h e k e y w h i c h a l l o w s H o w a r d ' s p o l i c y i t e r a ­
t i o n a l g o r i t h m t o b e a p p l i e d t o t h e i n f i n i t e h o r i z o n i n v e s t i g a t i v e p r o b l e m , 
To e s t a b l i s h t h e p a r t i t i o n , d e f i n e t h e s e t D 1 as f o l l o w s : 
D 1 = [ T r : T ( T r | 9 , < 5 ) e D^] 
T h a t i s , D 1 i s t h e s e t o f v a l u e s TT € IT s u c h t h a t t h e i r t r a n s i t i o n i s i n 
D g . I n l i k e manne r , d e f i n e D 2 a s 
D 2 = [Tr :T (Tr | 9 , 6 ) € D 1 ] 
C l e a r l y , f o r TT € D 2 and s e q u e n c e o f c o s t o b s e r v a t i o n s , ( 6 1 , 6 2 } , 
T ( T T | 8 1 , 0 2 , 5 ) € D 5 
I n g e n e r a l , 
D n = [TT:T(TT 6 , 5 ) € D n ~ l ] 
A f t e r n^ t r a n s i t i o n s 
Dn<$ = [ T T : T ( T T | 8 , 5 ) € D ^ " " 1 ] 
i s empty . 
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co 5 
A p a r t i t i o n i s f o rmed f o r t h e p o l i c y <5 b y f i n d i n g t h e s e t s D , 
D 1 , D 2 , . . . , D n ^ w h i c h c a n b e i d e n t i f i e d as b o u n d a r i e s o f r e g i o n s i n t h e 
p r o b a b i l i t y s t a t e s p a c e . A d e t a i l e d d i s c u s s i o n o f t h e f o r m a t i o n o f t h e 
p a r t i t i o n i s f o u n d i n A p p e n d i x B . 
oo 
G i v e n t h a t 6 i s f i n i t e l y t r a n s i e n t , t h e f i n i t e p a r t i t i o n V s { V . ) 
s a t i s f i e s t h e f o l l o w i n g p r o p e r t i e s . 
1 . I f 71"! and TT 2 € Vy t h e n 5 (TT^) = 6 ( ^ 2 ) - 6 \ ; t h a t i s , any two 
s t a t e s i n t h e same r e g i o n have t h e same a c t i o n . 
2 . A mapp ing V e x i s t s f o r t h e p o l i c y <5 s u c h t h a t , f o r a g i v e n 9 , 
i f TT € V \ . , t h e n T ( T T J 8 , 6 ) £ Q ) t h a t i s , a l l s t a t e s i n r e g i o n J , f o r 
a g i v e n 9 , map i n t o t h e same r e g i o n a f t e r one t r a n s i t i o n . 
The r e s u l t o f t h i s p r o p e r t y i s t h a t f o r a g i v e n T T € I I , C ( T T | < 5 ) c a n 
b e w r i t t e n . 
C ( T T | < 5 ) = TT A ( T R | 5 ) (12) 
where t h e v e c t o r A ( T R | < 5 ) i s t h e u n i q u e bounded s o l u t i o n t o t h e e q u a t i o n 
a ( 7 R | 5 ) = Y 5 ( 7 r ) + 3 Z P < S ( T R ) R Q a [ T ( T R | 0 , < $ ) | < 5 ] (13) 
F o r TT € V . , d e f i n e A ( T R | 6 ) = A ^ . T h e n f o r 5 (TT) » 6 , e q u a t i o n (13) 
i s 
5 . 6 . 
A = Y J + 3 Z P J R F L A „ (14) 
J 9 8 V V ( J , 9 ) 
Thus 
C ( T T | C S ) = T R A (15) 
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f o r e v e r y TT € V \ . . T h e r e f o r e i t f o l l o w s t h a t C(TT |6 ) i s p i e c e w i s e l i n e a r . 
F o r a more c o m p l e t e d i s c u s s i o n and p r o o f s o f t h e p r o p e r t i e s o f f i n i t e l y 
t r a n s i e n t p o l i c i e s , s e e S o n d i k [ 2 6 ] . 
The p a r t i t i o n V - { V I , . . . V J J } and t h e p i e c e w i s e l i n e a r i t y o f t h e 
c o s t f u n c t i o n a r e i l l u s t r a t e d i n F i g u r e 8 . T h i s i s s i m i l a r t o t h e i l l u s ­
t r a t i o n o f t h e f i n i t e h o r i z o n c a s e shown i n F i g u r e 3 , w i t h t h e e x c e p t i o n 
t h a t t h e c o s t f u n c t i o n f o r t h e i n f i n i t e h o r i z o n p r o b l e m i s n o t n e c e s s a r ­
i l y c o n t i n u o u s . 
F i g u r e 8 . C o s t F u n c t i o n o v e r an I n f i n i t e H o r i z o n 
E q u a t i o n s (14) and (15) show t h a t t h e c o s t f u n c t i o n has a s i m p l e 
f o r m , w h i c h l e a d s t o t h e d e v e l o p m e n t o f a p r o c e d u r e f o r t h e c a l c u l a t i o n 
o f C ( T T | 6 ) . E a c h r e g i o n V\ € V h a s an A - v e c t o r a s s o c i a t e d w i t h i t f r o m 
t h e s e t {A^,A 2 , . . .A^} , whe re t h e s e t o f A - v e c t o r s i s c a l c u l a t e d f r o m ( 1 4 ) . 
As an e x a m p l e , i n F i g u r e 8 , i f T T € V 3 , i f T (TT | 91 ,6 ) € VT+ and T ( T T | 9 2 , 6 ) € V 2 , 
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t h e n f r o m ( 1 4 ) , 
a 3 = y ^ 3 + 3 ( P 5 3 R a k + P ^ 3 R f l a 2 ) 
and one o f t h e r e c u r s i v e e q u a t i o n s n e c e s s a r y f o r t h e c o m p l e t e s o l u t i o n o f 
t h e s e t o f a - v e c t o r s has b e e n f o r m e d . 
I n s e t t i n g up t h e e n t i r e s e t o f r e c u r s i v e e q u a t i o n s t o s o l v e f o r 
t h e s e t o f a - v e c t o r s , i t i s o n l y n e c e s s a r y t o know (1) t h e number o f r e ­
g i o n s i n t h e p a r t i t i o n o f t h e p r o b a b i l i t y s t a t e s p a c e , (2) t h e d e c i s i o n 
a l t e r n a t i v e 6 \ a s s o c i a t e d w i t h e a c h r e g i o n , and (3) t h e mapp ing v ( j , 6 ) 
o f e a c h p a i r (<Sj,8) o n t o t h e s e t o f r e g i o n s i n t h e p a r t i t i o n , f o r one 
p o i n t i n e a c h r e g i o n V\.. 
I n m a t r i x f o r m t h e s e t o f r e c u r s i v e e q u a t i o n s c a n b e w r i t t e n a s 
a = y + 3 P a (16) 
w h e r e a , Y a n d P have t h e f o l l o w i n g d e f i n i t i o n s . N o t e t h a t (16) h a s t h e 
same f o r m as t h e m a t r i x e q u a t i o n f o r e x p e c t e d c o s t i n a c o m p l e t e l y o b ­
s e r v a b l e M a r k o v p r o c e s s . 
G i v e n M r e g i o n s i n t h e p a r t i t i o n , l e t a be a n M * N g v e c t o r s u c h 
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A n A 1 2 




w h e r e A ^ e i t h e r e q u a l s P J R g i f v ( j , 0 ) = k , o r i s a m a t r i x o f z e r o s i f 
v ( j , 9 ) + k . 
A s an e x a m p l e , assume t h a t t h e g i v e n p o l i c y i s f i n i t e l y t r a n s i e n t , 
h a v i n g s i x r e g i o n s i n t h e p a r t i t i o n . T h e r e a r e two 9 v a l u e s and two d e ­
c i s i o n a l t e r n a t i v e s . L e t t h e m a p p i n g , v , be a s f o l l o w s : 
j <S. 
J 
v ( j , 0 i ) v ( j , E 2 ) 
1 2 3 4 
2 2 3 5 




5 i 3 2 
6 1 1 2 
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P 2 0 
0 P X R 2 
P X R 2 
From e q u a t i o n ( 1 6 ) , a 
P 2 R X P 2 R 2 0 0 
P 2 R l 0 P 2 R 2 0 
0 0 P 2 R 2 P 2 R X 
0 0 0 0 
P x R x 0 0 0 
0 0 0 0 
.s c a l c u l a t e d as 
= ( I - 3 P ) - 1 Y 
w h e r e a i s t h e v e c t o r o f a - v e c t o r s . T h i s e s t a b l i s h e s t h e s o l u t i o n f o r 
CO 
t h e t o t a l d i s c o u n t e d e x p e c t e d c o s t f o r f i n i t e l y t r a n s i e n t p o l i c y 6 . 
P o l i c y Improvement 
G i v e n t h e t o t a l e x p e c t e d d i s c o u n t e d c o s t f o r a s t a t i o n a r y p o l i c y , 
CO . -I CO 
6 , t h e n e x t p a r t o f t h e a l g o r i t h m i s t o s e e k a new p o l i c y (<5 ) w h i c h 
has a l o w e r e x p e c t e d c o s t t h a n t h e p r e v i o u s o n e . I f C(TT|6) i s c o n t i n ­
uous and c o n c a v e , t h i s c o u l d b e a c c o m p l i s h e d by f i n d i n g 
CCTT| 6x) = min{TrY a + £ P*.{91 TT ,a}C [T (Tr | 9 , a ) | <5] 
a 9 
E v e n t h o u g h C(TTJ6) i s p i e c e w i s e l i n e a r , i t may n o t n e c e s s a r i l y be c o n ­
t i n u o u s . H o w e v e r , t h e r e a l w a y s e x i s t s a c o n c a v e h u l l , C(TT|6), o f C(TT|<5) 
w h i c h i s a c o n t i n u o u s f u n c t i o n . An examp le o f t h e c o n c a v e h u l l o f a n o n -
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c o n t i n u o u s f u n c t i o n i s shown i n F i g u r e 9 . 
F i g u r e 9 . C o n c a v e H u l l o f a N o n - c o n t i n u o u s F u n c t i o n 
The c o n c a v e h u l l C(TTJ5) may b e c a l c u l a t e d f r o m t h e s e t o f a - v e c t o r s 
f o r C ( T T | ( 5 ) , w i t h o u t e x p l i c i t r e f e r e n c e t o TT. 
c"(Tr|<5) « min{7ra k} k » l , . . . , M 
k 
1 CO , 
Thus a new c o n t r o l p o l i c y c a n b e c a l c u l a t e d f r o m C ( T T | 5 ) u s i n g t h e 
O n e - p a s s A l g o r i t h m . The p o l i c y i s r e p r e s e n t e d b y a new s e t o f 
a - v e c t o r s . 
To d e t e r m i n e i f o p t i m a l i t y f o r t h e p r o c e s s h a s b e e n r e a c h e d c l o s e l y 
enough f o r t h e i t e r a t i v e p r o c e d u r e t o be t e r m i n a t e d , an e r r o r bound must 
b e e s t a b l i s h e d . O p t i m a l i t y i s n o t g u a r a n t e e d a f t e r a f i n i t e number o f 
i t e r a t i o n s f o r t h i s p a r t i a l l y o b s e r v a b l e M a r k o v p r o c e s s , s i n c e t h e s t a t e 
s p a c e i s i n f i n i t e . S o n d i k [26] has shown t h a t t h e u p p e r bound o n t h e 
d i f f e r e n c e b e t w e e n t h e c o s t o f t h e c o n c a v e h u l l o f t h e s t a t i o n a r y p o l i c y 
and t h e t r u e o p t i m a l p o l i c y i s t h e f o l l o w i n g : 
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sup | C ( 7 T | 6 ) - C * ( T T ) | < sup C(TT 5)-C(TT 61) (17) 
TT 1 _ P TT 
T h e r e f o r e e v e r y t i m e a s e t o f a - v e c t o r s f o r a new p o l i c y h a s b e e n f o u n d , 
1 > 
t h e s t o p p i n g r u l e g i v e n by (17) i s u s e d . When -z—5- sup C(TT 6)-C(TT 61) 
I - P TT 
i s s u f f i c i e n t l y s m a l l , t h e i t e r a t i v e p r o c e d u r e e n d s . 
S o n d i k T s A p p r o x i m a t i o n M e t h o d 
The e n t i r e p r o c e d u r e p r e s e n t e d above c a n be u s e d e v e n when p o l i c i e s 
a r e n o t f i n i t e l y t r a n s i e n t . An a p p r o x i m a t e s o l u t i o n c a n b e f o u n d by r e ­
p l a c i n g t h e g i v e n s t a t i o n a r y p o l i c y w i t h t h e f i n i t e l y t r a n s i e n t p o l i c y 
w h i c h c l o s e l y r e s e m b l e s i t . Assume t h a t a p a r t i t i o n V h a s b e e n c a l c u ­
l a t e d f o r p o l i c y 5 f r o m a s e q u e n c e o f s e t s , D 1 , D 2 , . . . , D k . I f D^=<l>, 
00 ]̂  
t h e empty s e t , t h e n p o l i c y 5 i s f i n i t e l y t r a n s i e n t . I f D ^ , t h e n i t i s 
CO ^ 
s t i l l n o t known w h e t h e r 6* i s f i n i t e l y t r a n s i e n t o r n o t . Assume D f $ . 
The p a r t i t i o n V c a n be u s e d f o r a p p r o x i m a t i n g t h e c o s t f u n c t i o n o f t h e 
CO A 
p o l i c y 6 . G i v e n t h e p a r t i t i o n , a n a p p r o x i m a t i o n m a p p i n g , v , c a n be d e -
k k k 
t e r m i n e d . F o r e a c h V\. < V , c h o o s e a s t a t e TT C V and d e f i n e t h e m a p p i n g 
a s f o l l o w s . F o r TT < V ^ , i f T ( T T | 9 ,5) c V ^ , t h e n v ( j ,9) = I . H o w e v e r , s i n c e 
k 0 0 k k 
V i s an a p p r o x i m a t e p a r t i t i o n f o r 5, t h e r e w i l l e x i s t , f o r some V\. « V , 
a s t a t e TT^ s u c h t h a t 
T O T ! I 9 ,6) ^ V 0 ( J > 9 ) 
I ^ t k ^ 
A n a p p r o x i m a t i o n o f C ( T T | 6 ) , d e n o t e d C(TT|6) i s c a l c u l a t e d ' f r o m V and v . 
A I /\ k A 
Thus C(TT 6) = ira. f o r TT « V . , whe re a. i s f o u n d f r o m t h e s e t o f r e c u r s i v e 
J J J 
e q u a t i o n s 
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{a - Y 5 J + 6 2 P 5 J R 9 S 0 ( j ) 9 ) } 
S i n c e C (TT |6 ) i s a n a p p r o x i m a t i o n t o C ( T T | 6 ) , a bound o n t h e d i f f e r ­
e n c e mus t b e e s t a b l i s h e d . T h i s d i f f e r e n c e h a s b e e n shown [26] t o s a t i s f y 
sup |c (T r | 6 ) -C (T r | 6 ) | < i l 3 { s u p Z P > t { e | T r , 6 } T ( T r | e , 5 ) [ a u [ T ( i r | e > 6 ] -
v(j,e)J' 
i k w h e r e U [ T ( T T | 8,6) ] i s d e f i n e d as t h e i n d e x o f t h e s e t V w h i c h c o n t a i n s 
i 0 0 k 
T (TT I 6,6) . I f t h e p o l i c y 6 i s f i n i t e l y t r a n s i e n t and V i s t h e e q u i v a ­
l e n t p a r t i t i o n , t h e n 
u[T(Tr|0,5)] = v(j,9) 
B e f o r e t h e p a r t i t i o n V c a n be d e t e r m i n e d , t h e v a l u e o f k , t h e 
i n d e x o f a p p r o x i m a t i o n , must be c h o s e n . I t i s p o s s i b l e t o e s t a b l i s h 
v a l u e s o f k so t h a t t h e e r r o r on t h e d i f f e r e n c e b e t w e e n t h e a p p r o x i m a t e 
and t h e e x a c t c o s t i s g u a r a n t e e d t o be w i t h i n g i v e n l i m i t s . H o w e v e r , 
S o n d i k s u g g e s t s c h o o s i n g k e q u a l t o 3 o r 4 , c l a i m i n g t h a t i t l e a d s t o a 
f a i r l y good a p p r o x i m a t i o n . A f t e r t h e s e t o f v e c t o r s {OL\ , a 2 , • • • , a M ^ ^ a s 
b e e n c a l c u l a t e d , t h e e r r o r c a n b e d e t e r m i n e d and i f i t i s t o o g r e a t t h e n 
k c a n b e i n c r e a s e d b y 1 and t h e p r o c e d u r e r e p e a t e d . 
The b a s i c s t e p s o f t h e a l g o r i t h m a r e as f o l l o w s : 
CO 
1 . Choose a n i n i t i a l c o n t r o l p o l i c y 0 ; f o r e x a m p l e , t h e p o l i c y 
w h i c h g i v e s t h e minimum i m m e d i a t e e x p e c t e d c o s t . 
2 . E s t a b l i s h k ; f o r e x a m p l e , l e t k=4 . F i n d t h e p a r t i t i o n V and 
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t h e mapp ing V . 
3 . C a l c u l a t e t h e c o s t f u n c t i o n C(IT |6) = Tra_. f o r TT < V \ . , whe re 
a \ - Y 6 3 + 3 l P 6 J R e a - ( j j e ) . F o r e ^ O , i f sup | C ( T T | < S ) - C ( T T | 6) | < e l f go t o 
s t e p 4 . I f n o t , i n c r e a s e k by 1 and r e t u r n t o s t e p 2 . 
4 . F i n d a new c o n t r o l p o l i c y 61 f r o m 
C ( T T | 61) = min)7TY a+3ZP^{e |7T ,a}C[T(Tr|0,6) |6]} 
a e 
where C i s t h e c o n c a v e h u l l o f C . F o r e>0, i f sup | C(TT| 6 ) -C(TT| 61) | < e, 
s t o p . P o l i c y (6A) i s e - o p t i m a l . O t h e r w i s e l e t cS =(6 ) and r e t u r n t o 
s t e p 2 . 
A M o d i f i e d A p p r o x i m a t i o n M e t h o d 
The i m p l e m e n t a t i o n o f S o n d i k ' s a l g o r i t h m c a n b e s i m p l i f i e d e v e n 
beyond h i s c l a i m o f c h o o s i n g k e q u a l t o 3 o r 4 , b y e l i m i n a t i n g t h e s t e p 
o f f i n d i n g and u s i n g t h e p a r t i t i o n , V . I n s t e a d u s e t h e s i m p l e p a r t i ­
t i o n V° = {V? , V 2 , . . . ,V~fl } i n d u c e d by t h e p o l i c y r u l e 6 . U n l e s s t h e 
p o l i c y h a p p e n s t o b e f i n i t e l y t r a n s i e n t w i t h i n d e x n^ = l , t h e p a r t i t i o n 
V u w i l l n o t b e e q u i v a l e n t t o t h e p o l i c y o . T h e r e f o r e t h e m a p p i n g , 
v ( j » 0 ) » o f e a c h p a i r (6^,9) o n t o t h e s e t o f r e g i o n s i n t h e p a r t i t i o n V u 
w i l l be a p p r o x i m a t e . An a p p r o x i m a t i o n o f C(7r|6), C ( T T | 6 ) , i s c a l c u l a t e d 
f r o m t h e r e c u r s i v e e q u a t i o n s u s i n g V° and v. No e r r o r c h e c k i n g p r o c e d u r e 
i s p e r f o r m e d a t t h i s p o i n t a s w i t h S o n d i k ' s m e t h o d . 
A new c o n t r o l p o l i c y 61 i s now c a l c u l a t e d i n t h e p o l i c y i m p r o v e ­
ment r o u t i n e and o p t i m a l i t y i s d e t e r m i n e d by u s i n g t h e s t o p p i n g r u l e ( 1 7 ) . 
S t o p i f 61 i s o p t i m a l ; o t h e r w i s e r e p e a t t h e p r o c e d u r e u s i n g S 1 u n l e s s 
c y c l i n g h a s o c c u r r e d . 
I n u s i n g V ° , t h e phenomenon o f c y c l i n g b e t w e e n two n o n - o p t i m a l 
52 
p o l i c i e s may b e e n c o u n t e r e d . To b r e a k f r o m t h e c y c l e , a p p l y t h e O n e - p a s s 
A l g o r i t h m o n c e t o t h e p o l i c y 51 t o y i e l d a new p o l i c y . T h i s , i n e f f e c t , 
c r e a t e s t h e p a r t i t i o n V 1 = { V j , . . . } . R e p e a t t h e s t e p s o f t h e a l ­
oe 
g o r i t h m w i t h 0 r e p l a c e d by t h e new s t a t i o n a r y p o l i c y . I f c y c l i n g c o n ­
t i n u e s a f t e r t h e f i r s t a p p l i c a t i o n ( i . e . , a s e c o n d t i m e ) , t h e O n e - p a s s 
A l g o r i t h m must b e a p p l i e d t w i c e t o b r e a k t h e c y c l e . I n g e n e r a l , c o n t i n u e 
t o i n c r e a s e t h e number o f a p p l i c a t i o n s o f t h e O n e - p a s s A l g o r i t h m t o 51 by 
one u n t i l t h e c y c l e i s b r o k e n . 
B r i e f l y , t h e a rgument f o r u s i n g t h i s p r o c e d u r e o v e r S o n d i k ' s a p ­
p r o x i m a t i o n method i s t h a t even t h o u g h t h e o p t i m a l p o l i c y m i g h t b e o b ­
t a i n e d i n a f e w i t e r a t i o n s , a s i g n i f i c a n t amount o f c o m p u t a t i o n a l w o r k 
i s r e q u i r e d a t e a c h i t e r a t i o n o f t h e a l g o r i t h m ; t h e s e a r c h p r o c e d u r e s 
a r e t h e most t i m e c o n s u m i n g p a r t o f t h e compu te r r o u t i n e . W i t h t h e m o d ­
i f i e d m e t h o d , a g r e a t e r number o f i t e r a t i o n s i s u s u a l l y r e q u i r e d , b u t 
s i n c e t h e number o f s e a r c h p r o c e d u r e s i s r e d u c e d i n e l i m i n a t i n g t h e f u l l 
t r e a t m e n t o f t h e p a r t i t i o n , t h e o v e r a l l compu te r t i m e i s r e d u c e d . I t 
must b e r e c o g n i z e d , o f c o u r s e , t h a t t h i s m o d i f i c a t i o n t o S o n d i k ' s a l g o ­
r i t h m i s a h e u r i s t i c and has n o t b e e n p r o v e n i n g e n e r a l . F u r t h e r m o r e , 
t h e c o m p u t a t i o n a l e f f i c i e n c i e s r e a l i z e d i n l i m i t e d t e s t i n g may n o t be 
a c h i e v e d i n a l l p r o b l e m s e t t i n g s . 
T h e b a s i c s t e p s o f t h e m o d i f i e d a l g o r i t h m a r e as f o l l o w s : 
00 
1 . Choose a n i n i t i a l p o l i c y o . L e t k = 0 . 
2. F i n d t h e p a r t i t i o n V° and t h e mapp ing v . 
3 . C a l c u l a t e t h e s e t o f a - v e c t o r s u s i n g V° and v. 
4 . F i n d a new c o n t r o l p o l i c y 61 f r o m 
C(TT|51) = m in {7 ry a + 3ZP̂ {9|7T,a}C[T(Tr|9,5|6] 
53 
w h e r e C i s t h e c o n c a v e h u l l o f C . F o r e>0, i f sup | C(TT | 6) —C(TT| 61) | < e, 
TT 
t h e n s t o p . P o l i c y 6*1 i s £ - o p t i m a l . I f c y c l i n g h a s o c c u r r e d go t o s t e p 
5 . O t h e r w i s e l e t 6=6 1 and r e t u r n t o s t e p 2 . 
i k 
5 . L e t k = k + l . F i n d a new c o n t r o l p o l i c y , by a p p l y i n g t h e 
I i k 




F i n i t e H o r i z o n Examp le 
As a n i l l u s t r a t i o n o f t h e f i n i t e h o r i z o n a l g o r i t h m , c o n s i d e r t h e 
f o l l o w i n g c o s t v a r i a n c e i n v e s t i g a t i o n p r o b l e m . The p r o c e s s c a n be i n 
one o f t h r e e s t a t e s , (1) a n i n - c o n t r o l s t a t e , (2) an i n t e r m e d i a t e s t a t e , 
and (3) a n o u t - o f - c o n t r o l s t a t e . The e n d - o f - p e r i o d c o s t r e p o r t i s one 
o f two v a l u e s , 0 and 3 . T h e r e a r e two d e c i s i o n a l t e r n a t i v e s a v a i l a b l e , 
(1) i n v e s t i g a t e and (2) do n o t i n v e s t i g a t e . The c o s t o f i n v e s t i g a t i o n 
i s c o n s t a n t f o r a l l s t a t e s , K - l . The t r a n s i t i o n p r o b a b i l i t i e s , t h e 
c o s t o b s e r v a t i o n p r o b a b i l i t i e s and o t h e r p a r a m e t e r s a r e g i v e n i n T a b l e 2 
T a b l e 2 . P a r a m e t e r s f o r a T h r e e - s t a t e C o s t V a r i a n c e 
I n v e s t i g a t i o n P r o b l e m 
a x : I n v e s t i g a t e a 2 : Do n o t I n v e s t i g a t e 
.8 .15 
—1 
.05 .8 .15 .05 
P l = .8 .15 .05 P 2 0 .8 .2 





C ° ( T T ) = 8 = 0 . 9 
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a a a l 
The i m m e d i a t e e x p e c t e d c o s t v e c t o r s a r e y = [y ] , w h e r e y - K + 
a 2 
£ P . . r . 0 8 and y . - E P , . r , J . T h e r e f o r e 




and y 2 _ 
0 . 8 1 
1 .56 
3 .00 
T h e r e a r e 10 p e r i o d s r e m a i n i n g u n t i l t e r m i n a t i o n . 
S i n c e t h e t e r m i n a l c o s t f o r n = 0 i s 0 f o r a l l s t a t e s , t h e a - v e c ­
t o r s f o r n = l a r e t h e i m m e d i a t e e x p e c t e d c o s t v e c t o r s . T h e r e f o r e , 
a-
0 . 8 1 
1 .56 
3 .00 






; <5j - 1 
G r a p h i c a l l y , t h e s o l u t i o n t o t h e p r o b l e m f o r n = 1 i s a s f o l l o w s : 
( . 5 4 , 0 , . 4 6 
(0,0.1) 
1 1 
Rl : c tl = 
1 1 R 2 : a 2 
( 1 , 0 , 0 ) 
( 0 , . 8 3 , . 1 7 ) 
( 0 , 1 , 0 ) 






; 6 - l 
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To c a l c u l a t e t h e a - v e c t o r s f o r n = 2 , f i r s t c h o o s e a n i n i t i a l 
2 
TTQ= ( 1 , 0 , 0 ) f o r r e g i o n R x . F o r e a c h p a i r ( 0 , a ) d e t e r m i n e t h e mapp ing 
d ( T T g , 0 , a ) o n t o t h e s e t o f a - v e c t o r s , a 1 = [aj,a23 f r o m minTToP a R f t a^ 1 . 
k 0 k 
The mapp ing i s 
a \ 0 3 
a i 1 1 
a 2 1 1 
C 2 ( T T Q } - i s f o u n d f r o m 
w h e r e 
C*<ir0) = m i n { ^ o Y a + e 2 P a R e a ^ ( W O ) 9 ) a ) } 
. r n = 2 , a = l n=2,a=2\ 
= m i n i T T n a . ' , TTQ a. , s 
n = 2 , a = l = a-
2,1 1 . ,-, r-i T> 1 1 
- T T O T + BZP V d 0 r 0 , e , i ) 
d ( T T O , 0 1 , l ) = 1 
d ( T r 0 , e 2 , i ) - i 
and 
n=2ta=2 2,2 2 „ _ 2 „ 1 
V i ' = "1 = *oY V d ( i r 0 , 6 , 2 ) 
d ( i r 0 , 9 i , 2 ) = 1 
5 7 
T h e r e f o r e , 
and 
d(Tr0,e2 ,2) = 
' 2 . 7 3 9 * 
1 
' 1 . 7 3 9 ' 
C 2 ( T T O ) = minj-rro 2 . 7 3 9 
2 . 7 3 9 
3 . 2 2 3 
5 . 7 0 0 
C 2 ( T T 0 ) = 1 . 7 3 9 
' l . 7 3 9 
2 2,2 
a1 = a l = 
3 . 2 2 3 
5 . 7 0 0 
= 2 
The r e g i o n s a d j a c e n t t o R1 a r e f o u n d u s i n g t h e f o l l o w i n g s e t o f 
c o n s t r a i n t s i n a l i n e a r p rog ramming p r o b l e m . 
(a) 0 
(b) irP^x (0.1-0:2) < 
(c) TrP1R2(a{-a2) < 
(d) T T P ^ (aj-a2) < 
(e) TrP2R2(a}-a2) < y TT. = i " 
1 1 
TT. — 0 
U s i n g e a c h c o n s t r a i n t (a) - (e) i n t u r n as t h e o b j e c t i v e f u n c t i o n 
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t o t h e above s e t o f c o n s t r a i n t s , i t i s f o u n d t h a t o n l y c o n s t r a i n t (e) 
2 
i s t i g h t . T h e r e f o r e one new r e g i o n R 2 i s f o u n d and i s d e s c r i b e d b y 
i » 2 = a* + 6 ( P 2 R 2 4 - P 2 R 2 a J ) 
= 2 
The mapp ing i s 
1 .843 
3 .081 
4 . 6 2 9 
0 3 
1 1 
a 2 1 2 
2 1 
The n o n - o p t i m a l a l t e r n a t i v e i s a = 1 and a 2 * = 
' 2 . 7 3 9 ^ 
2 .739 
2 .739 
R e g i o n R 2 i s s e a r c h e d f o r i t s a d j a c e n t r e g i o n s u s i n g t h e f o l l o w i n g 
s e t o f c o n s t r a i n t s . 
(a) T r C a ^ - a ^ 1 ) ^ 0 
(b) i r P ^ i C a i - a ! ) - 0 
( c ) TTP 1 R 2 (a } -a2) 1 0 
(d) T r P ^ x C a j - a ^ ) - 0 
(e) TrP 2R 2(a2-a}) 1 0 
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y TT. = i 
i 1 
TT. > 0 
1 
C o n s t r a i n t s (a) and (e) a r e f o u n d t o b e t i g h t . C o n s t r a i n t (a) y i e l d s a 
2 
new r e g i o n R . f o r w h i c h 
2 , 1 2 




5 3 - 1 
2 2 
The mapp ing f o r R 3 i s t h e same as f o r R . The n o n - o p t i m a l a l t e r n a t i v e 
i s a = 2 and 




4 . 6 2 9 
C o n s t r a i n t (e) y i e l d s a r e g i o n w i t h 
ajj - a ! + f 3 ( P 2 R 2 c 4 - P 2 R 2 a J ) 
1 .739 
3 . 2 2 3 
5 . 7 0 0 
6, - 2 
and m a p p i n g 
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CD 
a \ 0 3 
1 1 
a 2 1 1 
T h a t i s , h o w e v e r , t h e same s e t o f c h a r a c t e r i s t i c s d e s c r i b i n g r e g i o n 
2 
and i s d i s c a r d e d . T h e r e f o r e , t h e s e a r c h o f R 2 y i e l d s o n l y one a d d i t i o n a l 
r e g i o n . 
2 
The s e a r c h o f R3 i s a c c o m p l i s h e d u s i n g c o n s t r a i n t s 
(a) T T ( a l - a f ' 2 ) < 0 
(b) T T P 1 R ] j ( a j - a ^ ) < 0 
( c ) T r P 1 R 2 ( a } - a 2 ) 
< 0 
(d) T T P 2 R 1 ( a } -a2 ) < 0 
(e) T T P 2 R 2 ( a ^ - a j ) 
< 
0 
7 TT. = 1 
L . 1 
C o n s t r a i n t s (a ) and (d) a r e t i g h t . C o n s t r a i n t (a) r e t u r n s t o 
2 
r e g i o n R 2 , t h u s y i e l d i n g no a d d i t i o n a l i n f o r m a t i o n . C o n s t r a i n t (d) l o -
2 
c a t e s r e g i o n Ri+. N o t e t h a t e v e n t h o u g h t h e a l t e r n a t i v e a s s o c i a t e d w i t h 
c o n s t r a i n t (d) i s a = 2 , t h e o p t i m a l a l t e r n a t i v e f o r t h e r e g i o n b e i n g 
2 
s e a r c h e d i s a = l . T h e r e f o r e t h e a - v e c t o r d e s c r i b i n g r e g i o n Ri+ i s t h e 
same as t h e r e g i o n b e i n g s e a r c h e d . 
6 1 
2 
2 . 7 3 9 
2 . 7 3 9 
2 . 7 3 9 
= l 
The m a p p i n g i s 
\ 9 
a \ . 0 3 
a i 1 i—
* 
*2 2 2 
The n o n - o p t i m a l a l t e r n a t i v e i s a = 2 and 
2 , 2 
a*/ = a 2 / 2 + a P ^ R i C c ^ - c q ) = 
2 . 4 3 9 
3 . 1 8 9 
4 . 6 2 9 
The s e a r c h o f r e g i o n y i e l d s no new r e g i o n s . Thus t h e e n t i r e 
s e t o f a - v e c t o r s f o r n = 2 i s 
2 
ai 
1 . 7 3 9 
3 . 2 2 3 
5 . 7 0 0 
2 
<*2 
1 . 8 4 3 
3 . 0 8 1 
4 . 6 2 9 




2 . 7 3 9 
2 .739 
2 .739 J 
= 1 
N o t e t h a t t h e r e a r e o n l y t h r e e d i s t i n c t r e g i o n s i n t h e f i n a l s o l u ­
t i o n as o p p o s e d t o f o u r r e g i o n s f o l l o w i n g t h e s e a r c h p r o c e d u r e . T h i s i s 
due t o t h e f a c t t h a t i n t h e o p t i m a l s o l u t i o n f o r e a c h t i m e p e r i o d , i t i s 
n o t n e c e s s a r y t o d i s t i n g u i s h b e t w e e n r e g i o n s t h a t d i f f e r o n l y w i t h r e s ­
p e c t t o t h e i r m a p p i n g . 
G r a p h i c a l l y t h e s o l u t i o n f o r n = 2 i s 
( . 6 8 , 0 , . 3 2 ) 
( . 9 1 , 0 , . 0 9 ) / r 2 
( 0 , 0 , 1 ) 
( 1 , 0 , 0 ) .54 .28 
.42 .72 
lo J I o J 
2 2 
R l l C t ! = 
2 2 
R 2 : C * 2 
( 0 , 1 , 0 ) 
2 2 
1.739 
3 . 2 2 3 
[ 5 . 7 0 0 J 
1 .843 








T a b l e 3 g i v e s t h e c o m p l e t e s o l u t i o n t o t h e examp le f o r n = 1 
t h r o u g h n = 1 0 . 
63 
T a b l e 3 . The S o l u t i o n f o r t h e F i n i t e H o r i z o n E x a m p l e 
T h r o u g h T e n Time P e r i o d s 
Time 
1 D e c i s i o n 2 1 
a - v e c t o r s . 8 1 0 1 . 8 1 0 
1 . 5 6 0 1 . 8 1 0 
3 . 0 0 0 1 . 8 1 0 
2 D e c i s i o n 2 2 1 
a - v e c t o r s 1 . 7 3 9 1 . 8 4 3 2 . 7 3 9 
3 . 2 2 3 3 . 0 8 1 2 . 7 3 9 
5 . 7 0 0 4 . 6 2 9 2 . 7 3 9 
3 D e c i s i o n 2 2 1 2 
a - v e c t o r s 2 . 7 1 3 2 . 7 3 8 3 . 7 1 3 2 . 7 8 7 
4 . 6 7 3 4 . 2 3 4 3 . 7 1 3 4 . 1 7 3 
7 . 1 6 6 5 . 4 6 5 3 . 7 1 3 5 . 4 6 5 
4 D e c i s i o n 2 2 1 2 
a - v e c t o r s 3 . 5 9 9 3 . 6 3 2 4 . 5 9 9 3 . 6 5 5 
5 . 5 9 2 5 . 1 2 7 4 . 5 9 9 5 . 1 0 0 
7 . 9 1 8 6 . 3 4 1 4 . 5 9 9 6 . 3 4 1 
5 D e c i s i o n 2 2 1 2 
a - v e c t o r s 4 . 4 0 3 4 . 4 3 5 5 . 4 0 3 4 . 4 4 6 
6 . 3 9 3 5 . 9 2 7 5 . 4 0 3 5 . 9 1 6 
8 . 7 0 7 7 . 1 3 9 5 . 4 0 3 7 . 1 3 9 
6 D e c i s i o n 2 2 1 2 
a - v e c t o r s 5 . 1 2 5 5 . 1 5 8 6 . 1 2 5 5 . 1 6 3 
7 . 1 1 3 6 . 6 4 9 6 . 1 2 5 6 . 6 4 4 
9 . 4 2 5 7 . 8 6 2 6 . 1 2 5 7 . 8 6 2 
7 D e c i s i o n 2 2 1 2 
a - v e c t o r s 5 . 7 7 5 5 . 8 0 8 6 . 7 7 5 5 . 8 1 0 
7 . 7 6 3 7 . 2 9 9 6 . 7 7 5 7 . 2 9 7 
1 0 . 0 7 6 8 . 5 1 2 6 . 7 7 5 8 . 5 1 2 
8 D e c i s i o n 2 2 1 2 
a - v e c t o r s 6 . 3 6 0 6 . 3 9 3 7 . 3 6 0 6 . 3 9 4 
8 . 3 4 7 7 . 8 8 4 7 . 3 6 0 7 . 8 8 3 
1 0 . 6 6 1 9 . 0 9 7 7 . 3 6 0 9 . 0 9 7 
9 D e c i s i o n 2 2 1 2 
a - v e c t o r s 6 . 8 8 6 6 . 9 1 9 7 . 8 8 6 6 . 9 2 0 
8 . 8 7 4 8 . 4 1 0 7 . 8 8 6 8 . 4 1 0 
1 1 . 1 8 8 9 . 6 2 4 7 . 8 8 6 9 . 6 2 4 
10 D e c i s i o n 2 2 1 
a - v e c t o r s 7 . 3 6 0 7 . 3 9 3 8 . 3 6 0 
9 . 3 4 8 8 . 8 8 4 8 . 3 6 0 
1 1 . 6 6 1 1 0 . 0 9 8 8 . 3 6 0 
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I n f i n i t e H o r i z o n Examp le 
Oil = 
and 
a 2 * 
.81 
1 .56 
I 3 . 0 0 J 
1.81 
1 .81 
1 .81 J 
; 5 , = 2 
; <52 = 1 
To i l l u s t r a t e t h e a l g o r i t h m f o r t h e i n f i n i t e h o r i z o n , c o n s i d e r t h e 
examp le p r o b l e m p r e s e n t e d i n t h e p r e c e d i n g s e c t i o n . The p a r a m e t e r v a l u e s 
a r e t h e same as f o r t h e f i n i t e h o r i z o n w h i c h a r e shown i n T a b l e 2 . 
L e t t h e i n i t i a l s t a t i o n a r y p o l i c y c o r r e s p o n d t o t h e minimum i m ­
m e d i a t e e x p e c t e d c o s t . T h e r e f o r e , 
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V a l u e D e t e r m i n a t i o n 
To c a l c u l a t e t h e a - v e c t o r s , f i r s t c h o o s e a p o i n t i n e a c h r e g i o n , 
f i n d t h e t r a n s f o r m e d v a l u e f o r e a c h 9 and d e t e r m i n e t h e r e g i o n i n w h i c h 
t h e t r a n s f o r m e d v a l u e i s l o c a t e d . F o r t h e g i v e n p o l i c y , t h i s i s : 
TT T( i r | e i , 6 ) v( j ,ei) T (7T 9 2 , 5 ) v ( j , 9 2 ) 
V l ( 1 , 0 , 0 ) ( . 8 7 7 , . 1 2 3 , 0 ) 1 ( - 5 9 3 , 2 2 2 , . 1 8 5 ) 1 
v 2 ( . 5 3 9 , 0 , - 4 6 1 ) ( . 8 7 7 , . 1 2 3 , 0 ) 1 ( . 5 9 3 , 2 2 2 , . 1 8 5 ) 1 
To s e t up t h e r e c u r s i v e e q u a t i o n s , f o r m y and P 
.81 
1.56 





P 2 0 
P 1 0 
.8 .15 .05 0 0 0 
0 .8 . 2 0 0 0 
0 0 1 0 0 0 
.8 .15 .05 0 0 0 
.8 .15 .05 0 0 0 
.8 .15 .05 0 0 0 
a = ( 1 - 3 P ) " 1 Y 
T h e r e f o r e 




1 9 . 6 9 9 
2 4 . 8 5 7 
3 0 . 0 0 0 
2 0 . 6 9 9 
2 0 . 6 9 9 
2 0 . 6 9 9 
1 9 . 6 9 9 
2 4 . 8 5 7 
3 0 . 0 0 0 
r ^ 
2 0 . 6 9 9 
2 0 . 6 9 9 
2 0 . 6 9 9 
G r a p h i c a l l y , t h e s o l u t i o n i s 
( 0 , 0 , 1 ) 
( . 9 0 3 , 0 , . 0 9 7 ) 
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P o l i c y Improvement 
To f i n d an i m p r o v e d p o l i c y , a p p l y t h e O n e - p a s s A l g o r i t h m t o t h e 
above s e t o f a - v e c t o r s . The r e s u l t i n g new s e t o f a - v e c t o r s i s 
<*1 = 
1 9 . 2 0 0 
2 1 . 9 8 5 
21 .629 
a 2 = 
2 0 . 2 0 0 
2 0 . 2 0 0 
2 0 . 2 0 0 
a 3 = 
1 9 . 4 3 9 
2 0 . 1 8 9 
2 1 . 6 2 9 
5 , - 2 5o = 1 5q = 2 
G r a p h i c a l l y : 
( 1 , 0 , 0 ) ( . 8 3 3 , - 1 1 7 , 0 ) ( 0 , 1 , 0 ) 
To c h e c k f o r t h e l a r g e s t d i f f e r e n c e b e t w e e n t h e two p o l i c i e s , f i n d 
t h e r e g i o n s , t h r o u g h a s e a r c h p r o c e d u r e , w h i c h a r e t h e r e s u l t o f t h e i n ­
t e r s e c t i o n o f t h e r e g i o n s f r o m t h e s e p a r a t e p o l i c i e s . 
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( 0 , 0 , 1 ) 
( . 8 3 3 , - 1 1 7 , 0 ) 
T h e n c h e c k f o r t h e maximum e r r o r w i t h i n e a c h r e g i o n . F o r t h i s p r o b l e m , 
t h e maximum e r r o r i s 1 .261 and o c c u r s a t t h e p o i n t ( . 9 0 3 , 0 , . 0 9 7 ) . T h i s 
i s t o o l a r g e an e r r o r s o t h e s t e p s o f t h e a l g o r i t h m a r e r e p e a t e d . 
V a l u e D e t e r m i n a t i o n 
The p o l i c y u n d e r c o n s i d e r a t i o n i s t h e most r e c e n t l y f o u n d s e t o f 
a - v e c t o r s . The mapp ing f o r t h i s p o l i c y i s 
TT T ( T T | 9 1 , 6 ) v ( j , e x ) T(Tr|e 2 ,S) v ( j , 0 2 ) 
( 1 , 0 , 0 ) ( . 8 7 7 , . 1 2 3 , 0 ) 3 ( . 5 9 3 , . 2 2 2 , . 1 8 5 ) 3 
R 2 ( 0 , . 8 3 3 , . 1 6 7 ) ( . 8 7 7 , . 1 2 3 , 0 ) 3 ( . 5 9 3 , . 2 2 2 , . 1 8 5 ) 3 












3 . 0 0 
0 0 P 2 
0 0 P 1 
0 P 2 R 2 
2 
P 2 R 
T h e s e t o f a - v e c t o r s i s 
1 1 . 6 2 5 
1 3 . 6 1 2 
1 5 . 9 2 6 
a 2 = 
1 2 . 6 2 5 
1 2 . 6 2 5 
1 2 . 6 2 5 
= 2 = 1 
a 3 = 
6r> = 2 
1 1 . 6 5 8 
1 3 . 1 4 9 
1 4 . 3 6 3 
P o l i c y Improvement 
A p p l y i n g t h e O n e - p a s s A l g o r i t h m t o t h e above s e t o f v e c t o r s r e ­
t u r n s a n i d e n t i c a l s e t o f v e c t o r s ( t o t h r e e d e c i m a l p l a c e s ) . T h e r e f o r e 
t h e r e i s no f u r t h e r improvement and t h e above s e t o f a - v e c t o r s i s t h e 
o p t i m a l p o l i c y . 
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I m p l e m e n t a t i o n o f t h e A l g o r i t h m 
The s a m p l e p r o b l e m s o f t h e p r e c e d i n g s e c t i o n s w e r e s i m p l i f i e d i n 
a l l o w i n g f o r o n l y two c o s t o b s e r v a t i o n s . T h i s i s n o t r e a l i s t i c i n t h a t 
t y p i c a l l y a l a r g e number o f c o s t o b s e r v a t i o n s i s p o s s i b l e , a p p r o x i m a t i n g 
a c o n t i n u o u s d i s t r i b u t i o n o v e r a w i d e i n t e r v a l . To i l l u s t r a t e t h e i m ­
p l e m e n t a t i o n o f t h e a l g o r i t h m , c o n s i d e r t h e f o l l o w i n g h y p o t h e t i c a l e x ­
a m p l e o f a c o s t v a r i a n c e i n v e s t i g a t i o n p r o b l e m f o r a m a n u f a c t u r i n g p l a n t . 
C o s t o u t p u t s f r o m an o p e r a t i o n i n t h e p l a n t a r e r e c e i v e d o n a w e e k l y 
b a s i s and m a n a g e m e n t d e c i s i o n s r e l a t e d t o t h e o p e r a t i o n a r e made o n t h e 
b a s i s o f a w e e k l y c o s t r e p o r t . Assume t h a t t h e company h a s b e e n i n 
e x i s t e n c e f o r a s u f f i c i e n t a m o u n t o f t i m e t o h a v e a c q u i r e d s a t i s f a c t o r y 
s a m p l e d a t a f o r d e t e r m i n i n g t h e p a r a m e t e r s n e c e s s a r y f o r t h e c o s t v a r i ­
a n c e i n v e s t i g a t i o n m o d e l . 
The company h a s i d e n t i f i e d f o u r d i s t i n c t s t a t e s o f t h e o p e r a t i o n , 
( 1 ) e x c e l l e n t , ( 2 ) m o d e r a t e l y g o o d , ( 3 ) i n e f f i c i e n t , and ( 4 ) u n p r o f i t ­
a b l e . The p r o b l e m f a c i n g m a n a g e m e n t e a c h w e e k i s t o d e c i d e w h e t h e r t h e 
o p e r a t i o n i s i n s t a t e 1 , and i f n o t , t h e n w h e t h e r i t i s p r o f i t a b l e t o 
t a k e a c t i o n t o f i n d t h e c a u s e , o r t o c o n t i n u e o p e r a t i o n s u n c h a n g e d a t 
l e a s t f o r a n o t h e r w e e k . 
C o n s i d e r t h e f o l l o w i n g w e e k l y c o s t r e p o r t r e c e i v e d i n o n e p r o d u c ­
i n g d e p a r t m e n t o f t h e p l a n t . 
A c t u a l C o s t S t a n d a r d C o s t V a r i a n c e 
$ 7 6 2 5 $ 7 4 5 0 $ 1 7 5 
A s s u m e t h a t t h e d i s t r i b u t i o n o f t h e amount o f t h e v a r i a n c e i n e a c h o f 
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t h e f o u r s t a t e s i s c o n s t a n t f r o m week t o w e e k , even t h o u g h t h e s t a n d a r d 
c o s t w i l l v a r y w i t h t h e l e v e l o f a c t i v i t y . I n an a c t u a l s e t t i n g , t h e 
s t a t e - c o n d i t i o n a l d i s t r i b u t i o n s o f c o s t v a r i a n c e s w o u l d b e d e r i v e d f r o m 
h i s t o r i c a l c o s t d a t a . F o r p u r p o s e s o f t h e h y p o t h e t i c a l e x a m p l e , t h e s e 
d i s t r i b u t i o n s a r e assumed t o be n o r m a l . 
S i n c e t h i s c o s t v a r i a n c e i n v e s t i g a t i o n m o d e l i s e q u i p p e d t o h a n d l e 
o n l y a d i s c r e t e number o f c o s t o b s e r v a t i o n s (whereas t h e u n d e r l y i n g d i s ­
t r i b u t i o n i s c o n t i n u o u s ) , t h e p o s s i b l e c o s t v a r i a n c e s a r e s e p a r a t e d i n t o 
i n t e r v a l s . I n t e r v a l s o f $200 have b e e n a r b i t r a r i l y c h o s e n f o r t h i s e x ­
a m p l e . T a b l e 4 shows t h e s e i n t e r v a l s and t h e r e l a t e d s t a t e d e p e n d e n t 
p r o b a b i l i t i e s . Assume t h a t f o r t h i s e x a m p l e , t h e r e m a i n i n g p a r a m e t e r s , 
g i v e n i n T a b l e 5 , w e r e e s t i m a t e d f r o m h i s t o r i c a l d a t a . 
T a b l e 4 . S t a t e - d e p e n d e n t C o s t P r o b a b i l i t i e s 
f o r E x p e r i m e n t a l P r o b l e m 
Amount o f 
C o s t V a r i a n c e PL{9 | X L } P^{9|X2} P^{0|X3} P^.{9|X4} 
(500) .0228 .0026 .0002 0 
( 5 0 0 ) - ( 3 0 0 ) .0923 .0202 .0024 .0002 
( 3 0 0 ) - ( 1 0 0 ) .2295 .0923 .0202 .0024 
( 1 0 0 ) - 1 0 0 .3108 .2295 .0923 .0202 
100 -300 .2295 .3108 .2295 .0923 
300 -500 .0923 .2295 .3108 .2295 
500 -700 .0202 .0923 .2295 .3108 
700 -900 .0024 .0202 .0923 .2295 
900 -1100 .0002 .0024 .0202 .0923 
1100-1300 0 .0002 .0024 .0202 
1300 0 0 .0002 .0026 
Mean 0 200 400 600 
o* 250 250 250 250 
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T a b l e 5 . P a r a m e t e r s f o r E x p e r i m e n t a l P r o b l e m 
Y 
a.\: I n v e s t i g a t e 
1 = 
. 8 . 1 5 . 0 5 0 
. 8 . 1 5 . 0 5 0 
oo . 1 5 . 0 5 0 
oo
 
. 1 5 . 0 5 0 
3 5 0 
3 5 0 
3 5 0 
3 5 0 
a 2 : Do N o t I n v e s t i g a t e 




. 1 5 . 0 5 0 
. 1 5 . 5 . 2 5 . 1 
0 . 1 . 7 . 2 
0 0 . 1 . 9 
5 0 
2 6 0 
4 2 0 
5 8 0 
& = 0 . 9 8 K = 3 0 0 
I n t h e f i n a l p e r i o d r e m a i n i n g u n t i l o p e r a t i o n s c e a s e , t h e a - v e c ­
t o r s a r e s i m p l y t h e i m m e d i a t e e x p e c t e d c o s t v a l u e s . 
1 
5 0 
2 6 0 
4 2 0 
5 8 0 
1 
a 2 
3 5 0 
3 5 0 
3 5 0 
3 5 0 
= 2 = 1 
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a t | 
2 2 
1 4 8 1 4 8 
c > 
1 4 9 1 5 4 4 4 8 111 
5 5 4 5 5 2 5 4 6 5 4 0 4 4 8 5 4 4 
8 4 6 8 4 1 8 2 6 8 0 2 4 4 8 7 7 9 
1 1 2 6 
i J 
1 1 0 9 
L J 
1 0 6 2 997 4 4 8 9 4 9 
6 ? = 2 6 | - 2 6 3 - 2 6 4 = 2 6 | = 1 6 f = 2 
Assume t h a t a t t h e b e g i n n i n g o f t h e p e r i o d i n w h i c h t h e c o s t 
v a r i a n c e r e p o r t o f $ 1 7 5 i s r e c e i v e d , t h e s t a t e o f k n o w l e d g e i s g i v e n 
b y TT = ( 1 , 0 , 0 , 0 ) . No i n v e s t i g a t i o n i s u n d e r t a k e n . A f t e r r e c e i v i n g 
t h e c o s t r e p o r t , t h e r e v i s e d p r o b a b i l i t y v e c t o r i s TT1 = ( . 7 9 4 , . 2 0 1 , 
. 0 0 5 , 0 ) . The r e v i s e d p r o b a b i l i t y v e c t o r i s t h e n m u l t i p l i e d b y e a c h 
2 2 
o f t h e a - v e c t o r s , { a i , . . . , a g } ; t h e a - v e c t o r c o r r e s p o n d i n g t o t h e m i n i ­
mum p r o d u c t i d e n t i f i e s t h e o p t i m a l d e c i s i o n . I n t h i s c a s e , t h e minimum 
o f 2 3 2 i s g i v e n b y TT' • a 2 , [ = ( . 7 9 4 , . 2 0 1 , . 0 0 5 , 0 ) • ( 1 4 9 , 5 4 9 , 8 2 6 , 1 0 6 2 ) ] , 
and w i t h two p e r i o d s r e m a i n i n g , an i n v e s t i g a t i o n i s n o t w a r r a n t e d . 
C o n s i d e r t h e s i t u a t i o n w h e r e m a n a g e m e n t h a s a c q u i r e d s p e c i f i c 
a d d i t i o n a l k n o w l e d g e a b o u t t h e s t a t e o f t h e p r o c e s s w h i c h i s n o t r e ­
f l e c t e d i n t h e r e c e i v e d c o s t r e p o r t . On t h e b a s i s o f t h i s a d d i t i o n a l 
i n f o r m a t i o n , o n e may f e e l j u s t i f i e d i n r e v i s i n g t h e p o s t e r i o r p r o b ­
a b i l i t y v e c t o r f r o m t h e l a s t p e r i o d . 
L e t t h e p o s t e r i o r p r o b a b i l i t y v e c t o r r e m a i n t h e same a s b e f o r e 
w h e r e TT' = ( . 7 9 4 , . 2 0 1 , . 0 0 5 , 0 ) . Assume t h a t t h e i n f o r m a t i o n m a n a g e m e n t 
h a s r e c e i v e d p r o m p t s a r e v i s i o n o f t h e p r o b a b i l i t y v e c t o r t o TT" = ( . 4 2 5 , 
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. 1 5 0 , . 2 5 0 , . 1 7 5 ) . As b e f o r e , t o d e t e r m i n e t h e o p t i m a l d e c i s i o n w i t h two 
p e r i o d s r e m a i n i n g , t h i s n e w l y r e v i s e d p r o b a b i l i t y v e c t o r i s m u l t i p l i e d 
2 2 
b y e a c h o f t h e a - v e c t o r s , {ai,...,ag}. The minimum p r o d u c t i s 448 and 
2 
i s g i v e n b y TT" • as. T h i s s i g n a l s a n e e d f o r a n i n v e s t i g a t i o n . 
E x t e n s i o n s t o t h e B a s i c M o d e l 
To t h i s p o i n t , i t i s assumed t h a t an i n v e s t i g a t i o n a l w a y s r e v e a l s 
t h e s t a t e o f t h e p r o c e s s and i s s u c c e s s f u l i n c o r r e c t i n g any p r o b l e m s . 
A c o m p l e t e i n v e s t i g a t i o n , h o w e v e r , may be so c o s t l y t h a t i t i s r a r e l y 
u n d e r t a k e n . A n o t h e r l e s s c o s t l y a l t e r n a t i v e , s u c h as a n e x p l o r a t o r y 
i n v e s t i g a t i o n , m i g h t b e c o n s i d e r e d . A n e x p l o r a t o r y i n v e s t i g a t i o n i s 
d e f i n e d as one w h i c h w i l l a l w a y s b e s u c c e s s f u l . I n o t h e r w o r d s , t h e 
p r o b a b i l i t y o f s u c c e s s f u l l y d e t e c t i n g t h e c a u s e o f b e i n g i n s t a t e i i s 
h ^ , w i t h h ^ < l . I t s c o s t , K ' , h o w e v e r , i s s i g n i f i c a n t l y l e s s t h a n t h e 
c o s t , K , o f a c o m p l e t e i n v e s t i g a t i o n . 
To i n c o r p o r a t e t h i s i n t o t h e m o d e l f o r t h e i n v e s t i g a t i o n o f c o s t 
v a r i a n c e s , t h e o n l y a d d i t i o n a l i n f o r m a t i o n n e c e s s a r y i s t h e p r o b a b i l i t y 
t r a n s i t i o n m a t r i x f o r t h i s d e c i s i o n a l t e r n a t i v e . The t r a n s i t i o n m a t r i x 
i s f o u n d by m u l t i p l y i n g t h e f o l l o w i n g m a t r i x H by t h e t r a n s i t i o n m a t r i x 
f o r t h e d o - n o t h i n g a l t e r n a t i v e . 
1 0 0 . . . 0 
h 2 l - h 2 0 . . . 0 
h 3 0 l - h 3 . . . 0 
s 
0 0 . . . 1 
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T h e r e f o r e a t t h e b e g i n n i n g o f e a c h p e r i o d o f o p e r a t i o n , t h e d e ­
c i s i o n s e t c o n s i s t s o f a d o - n o t h i n g a c t i o n , a f u l l i n v e s t i g a t i o n , and 
a n e x p l o r a t o r y i n v e s t i g a t i o n . When a f u l l i n v e s t i g a t i o n i s m a d e , t h e 
s t a t e and i t s c a u s e w i l l b e f o u n d and t h e s y s t e m i s r e s e t t o s t a t e 1 
t h r o u g h c o r r e c t i v e a c t i o n . I f a n e x p l o r a t o r y i n v e s t i g a t i o n t a k e s p l a c e , 
h o w e v e r , i t may n o t b e s u c c e s s f u l . The s y s t e m w i l l b e r e s e t t o s t a t e 1 
i f s u c c e s s i s a c h i e v e d ; o t h e r w i s e o p e r a t i o n s c o n t i n u e u n c h a n g e d . 
C o n s i d e r t h e e x a m p l e g i v e n i n t h e f i r s t s e c t i o n o f t h i s c h a p t e r , 
w i t h t h e e x p l o r a t o r y i n v e s t i g a t i o n i n c l u d e d a s a n a d d i t i o n a l a l t e r n a t i v e . 
L e t 
1 0 0 
. 4 . 6 0 
. 6 0 . 4 
The p a r a m e t e r s a s s o c i a t e d w i t h t h e t h i r d a l t e r n a t i v e , t h e e x p l o r a t o r y 
i n v e s t i g a t i o n , a r e shown b e l o w . 
. 8 . 1 5 . 0 5 1 . 0 1 0 
. 3 2 . 5 4 . 1 4 1 . 4 6 0 K T = . 2 
. 4 8 . 0 9 . 4 3 1 . 8 8 6 
W i t h t h r e e p e r i o d s r e m a i n i n g , t h e a - v e c t o r s a r e c a l c u l a t e d t o b e 
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3 3 3 
<*3 
3 4 
2.599 2.799 2.898 3.599 2.888 
4.185 3.750 3.753 3.599 3.705 
5.796 4.077 3.995 3.599 4.131 
6? » 2 62 = 3 63 = 3 6* - 1 65 « 3 
Compare these with the set of a-vectors for three periods remaining in 
the example having only two decision alternatives, calculated in the 
f in i te example in the f i r s t section. 
3 3 3 3 
QLi a 2 «3 a i | 
2.713 2.738 3.713 2.787 









6? = 2 6 | = 2 S3 = 1 5 ^ = 2 
Notice that when an exploratory investigation is available, the 
maximum expected cost is 3.599. This is a reduction in the maximum ex­
pected cost of 3.713 when no exploratory investigation is available. In 
this case, the addition of the third alternative leads to only a 3% re­
duction of the maximum expected cost. This reduction, which is known in 
advance, may not be significant enough to just i fy maintaining the explor­
atory investigation as a viable alternative. The likelihood of conduct­
ing an exploratory investigation increases as the tu Ts increase and as 
K? decreases. 
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A more g e n e r a l t r e a t m e n t o f t h e e x p l o r a t o r y i n v e s t i g a t i o n i s 
g i v e n by K a p l a n [14] who d i s c u s s e s b r i e f l y t h e s i t u a t i o n w h e r e t h e 
amount o f money t o b e s p e n t on t h e i n v e s t i g a t i o n i s a c o n t i n u o u s v a r i ­
a b l e , z . The d e c i s i o n i s , t h e r e f o r e , t w o - f o l d : f i r s t , w h e t h e r t o i n ­
v e s t i g a t e and s e c o n d , t h e amount t o s p e n d o n t h e i n v e s t i g a t i o n . The 
p r o b a b i l i t y o f d e t e c t i n g t h e c a u s e o f b e i n g i n a n o u t - o f - c o n t r o l s t a t e 
i i s a f u n c t i o n , h ^ ( z ) , o f t h e amount o f money s p e n t o n t h e i n v e s t i g a ­
t i o n , w h e r e h . ( 0 ) = 0 and l i m h . ( z ) = 1 , and h . ( z ) i s n o n - d e c r e a s i n g . 
z-*» 1 1 
T h i s expanded o r ' c o n t i n u o u s ' e x p l o r a t o r y i n v e s t i g a t i o n c a n 
e a s i l y b e i n t e g r a t e d i n t o t h e p r e s e n t m o d e l by c h o o s i n g s e v e r a l d i s ­
c r e t e v a l u e s o f z t o r e p l a c e t h e u n d e r l y i n g c o n t i n u o u s d i s t r i b u t i o n . 
The m o d e l i n g as a n e x p l o r a t o r y i n v e s t i g a t i o n t h e n p r o c e e d s , e x c e p t t h a t 
t h e r e a r e as many d e c i s i o n a l t e r n a t i v e s as v a l u e s o f z , w i t h z = 0 c o r ­
r e s p o n d i n g t o t h e d o - n o t h i n g a l t e r n a t i v e . 
B u d g e t C o n s t r a i n t s on I n v e s t i g a t i v e A c t i v i t i e s 
S i n c e t h e amount b u d g e t e d f o r m a n a g e r i a l c o n t r o l a c t i v i t y u s u a l l y 
l i m i t s t h e number o f i n v e s t i g a t i o n s t h a t c a n b e p e r f o r m e d , i t may b e 
n e c e s s a r y f o r t h e f i r m t o s e l e c t t h a t s e t o f p o s s i b l e i n v e s t i g a t i o n s 
w h i c h w i l l m i n i m i z e t o t a l e x p e c t e d c o s t . A s l o n g as t h e b u d g e t p e r i o d 
i s t h e same as t h e c o s t r e p o r t i n g p e r i o d , t h e f o l l o w i n g i n t e g e r p r o g r a m 
w h i c h s e l e c t s t h e o p t i m a l s e t o f i n v e s t i g a t i o n s i s a p p l i c a b l e . S i n c e 
t h i s f o r m u l a t i o n i s a o n e - p e r i o d i n t e g e r p r o g r a m , i t s s o l u t i o n o n a 
p e r i o d - b y - p e r i o d b a s i s w o u l d o n l y r o u g h l y a p p r o x i m a t e t h e s o l u t i o n t o a 
c o m p l e t e m u l t i - p e r i o d dynamic p rog ramming f o r m u l a t i o n o f t h i s p r o b l e m . 
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m i n / Y x m i n TT a t + Y 2 m i n 7T a t + Y ? m i n T r a * 
i = l , . . . , s < x j . : ( S =1 J l x j : 5 = 2 J 2 1 - j : 0 \ - 3 J 3 
s . t . s , 3 
y ( Y . K . + YT K ! ) < M 
. L , l l i i 
1=1 
Y x + Y 2 + Y 3 = 1 
1 1 1 
Y l , Y 2 , Y ? = 0 o r 1 
l i l 
w h e r e s i s t h e number o f o p e r a t i n g s e g m e n t s , 
M i s t h e b u d g e t c o n s t r a i n t , 
TT i s t h e s t a t e o f k n o w l e d g e , 
i s t h e c o s t o f a f u l l i n v e s t i g a t i o n f o r o p e r a t i o n i , 
i s t h e c o s t o f an e x p l o r a t o r y i n v e s t i g a t i o n f o r o p e r a t i o n i , 
a * i s t h e j * " * 1 a - v e c t o r f o r o p e r a t i o n i . 
j 
I f t h e v a l u e o f i s 1 , t h e n a f u l l i n v e s t i g a t i o n t a k e s p l a c e 
f o r t h e i - t h o p e r a t i n g s e g m e n t . A v a l u e o f 1 f o r Y 3 i n d i c a t e s t h a t a n 
e x p l o r a t o r y i n v e s t i g a t i o n t a k e s p l a c e and Y 2 = 1 i n d i c a t e s no i n v e s t i ­
g a t i o n o f o p e r a t i o n i . The f i r s t c o n s t r a i n t i s t h e b u d g e t c o n s t r a i n t 
and t h e s e c o n d and t h i r d c o n s t r a i n t s a s s u r e t h a t one and o n l y one d e ­
c i s i o n i s made c o n c e r n i n g o p e r a t i o n i . 
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CHAPTER V I 
CONCLUSIONS AND RECOMMENDATIONS 
C o s t a c c o u n t i n g p r o c e d u r e s a r e u s e f u l i n h e l p i n g management a n a ­
l y z e and c o n t r o l o p e r a t i o n s . When a r e p o r t e d c o s t d i f f e r s f r o m t h e c o r ­
r e s p o n d i n g s t a n d a r d c o s t , i t i s n e c e s s a r y t o d e c i d e w h e t h e r t h e c o s t 
v a r i a n c e i s s i g n i f i c a n t i n t h e s e n s e o f j u s t i f y i n g a n i n v e s t i g a t i o n o f 
t h e u n d e r l y i n g p r o c e s s . To a s s e s s t h i s s i g n i f i c a n c e , many p r o c e d u r e s a r e 
a v a i l a b l e , r a n g i n g f r o m r u l e s o f thumb, t o c o n t r o l c h a r t s , t o t h e a p p r o a c h 
o u t l i n e d i n t h i s t h e s i s . 
T h i s w o r k has c o n t r i b u t e d t o c o s t v a r i a n c e i n v e s t i g a t i o n a n a l y s i s 
i n s e v e r a l w a y s . The a p p r o a c h emp loyed i n t h i s t h e s i s i s a method w h i c h 
c o m b i n e s and e x t e n d s f e a t u r e s f r o m t h e e x i s t i n g w o r k i n t h i s f i e l d . P r e ­
v i o u s r e s e a r c h i s b a s i c a l l y l i m i t e d t o c o s t v a r i a n c e i n v e s t i g a t i o n p r o b ­
lems i n w h i c h t h e u n d e r l y i n g p r o c e s s i s assumed t o b e i n o n l y one o f two 
p o s s i b l e s t a t e s , i n c o n t r o l o r o u t o f c o n t r o l . The p r e s e n t r e s e a r c h h a n ­
d l e s p r o b l e m s c h a r a c t e r i z e d by a l a r g e r number o f s t a t e s w i t h r e l a t i v e 
e a s e . Of i m p o r t a n c e i s t h e r e l a t i v e l y s m a l l i n c r e a s e i n t h e amount o f 
compu te r t i m e a s t h e number o f u n d e r l y i n g s t a t e s i n c r e a s e s . F o r e x a m p l e , 
compute r t i m e n e e d e d f o r two d i f f e r e n t p r o b l e m s e a c h f o r 10 t i m e p e r i o d s , 
e a c h h a v i n g two c o s t o b s e r v a t i o n v a l u e s and two d e c i s i o n a l t e r n a t i v e s , 
one w i t h f o u r s t a t e s , t h e o t h e r w i t h t h r e e s t a t e s , was a p p r o x i m a t e l y two 
s e c o n d s f o r e a c h . 
I n a d d i t i o n , p r e v i o u s r e s e a r c h w h i c h was c a p a b l e o f g e n e r a t i n g 
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v a l u e s o v e r a n i n f i n i t e h o r i z o n d i d so o n l y by r e p e a t e d i t e r a t i o n s o f t h e 
f i n i t e t i m e m e t h o d . The i n f i n i t e h o r i z o n a l g o r i t h m d i s c u s s e d h e r e d o e s 
n o t h a n d l e p r o b l e m s i n t h a t f a s h i o n ; compu te r t i m e i s n o t a f u n c t i o n o f 
t h e number o f i t e r a t i o n s n e e d e d u n t i l a s t e a d y s t a t e s i t u a t i o n i s e n ­
c o u n t e r e d . F o r e x a m p l e , i n t h e t h r e e - s t a t e p r o b l e m g i v e n i n t h e f i r s t 
s e c t i o n o f C h a p t e r V , t h e compute r t i m e u s i n g t h e f i n i t e h o r i z o n method 
u n t i l s t e a d y s t a t e v a l u e s w e r e f o u n d was e i g h t s e c o n d s , w h e r e a s r u n n i n g 
t h e same s e t o f d a t a u s i n g t h e a l g o r i t h m f o r t h e i n f i n i t e h o r i z o n , t h e 
r u n t i m e was o n l y 0 . 4 s e c o n d s . S i n c e most f i r m s a r e o n g o i n g c o n c e r n s and 
c o s t v a r i a n c e p r o b l e m s o f t e n a r i s e w i t h i n t h e c o n t e x t o f an unknown t e r ­
m i n a t i o n t i m e , t h e i n f i n i t e - h o r i z o n a l g o r i t h m w o u l d be recommended. 
I t h a s a l s o b e e n shown i n t h i s p a p e r t h a t t h e s e two a l g o r i t h m s 
a l l o w a d d i t i o n a l c o n s i d e r a t i o n s t o be i n c o r p o r a t e d i n t o t h e m o d e l w i t h 
e a s e , t h u s i n c r e a s i n g f l e x i b i l i t y . E x t e n s i o n s t o t h e b a s i c c o s t v a r i a n c e 
i n v e s t i g a t i o n p r o b l e m t h a t f i t t h i s m o d e l i n c l u d e a l l o w i n g f o r (1) t r a n ­
s i t i o n s t o o c c u r a t t h e end o f t h e p e r i o d f o l l o w i n g t h e r e c e i p t o f t h e 
c o s t r e p o r t [ 1 3 ] , (2) a d e l a y i n t i m e , s a y , one t i m e p e r i o d , f r o m t h e b e ­
g i n n i n g o f an i n v e s t i g a t i o n t o t h e c o n c l u s i o n o f t h e c o r r e c t i o n [ 1 4 ] , and 
(3) t h e a d d i t i o n a l d e c i s i o n o f n o t p r e p a r i n g a c o s t r e p o r t a t a l l d u r i n g 
a t i m e p e r i o d [ 1 1 ] . A n o t h e r p o s s i b l e e x t e n s i o n i n v o l v e s r e c o g n i t i o n t h a t 
t h e r e may be m u l t i p l e c a u s e s f o r b e i n g o u t - o f - c o n t r o l . To m o d e l t h i s e x ­
t e n s i o n , one w o u l d s i m p l y i n c r e a s e t h e number o f u n d e r l y i n g s t a t e s whe re 
e a c h s t a t e o f t h e p r o c e s s i s a p a r t i c u l a r c o m b i n a t i o n o f b e i n g i n - c o n t r o l 
o r o u t - o f - c o n t r o l w i t h r e s p e c t t o e a c h o f t h e c a u s e s . 
C o m p u t a b i l i t y h a s g e n e r a l l y n o t b e e n a p r o b l e m i n t h e c u r r e n t l y 
a v a i l a b l e m o d e l s f o r c o s t v a r i a n c e i n v e s t i g a t i o n . F o r t h i s m o d e l t h e 
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a l g o r i t h m s p r e s e n t e d i n C h a p t e r s I I I and I V have b e e n t h o r o u g h l y d i s ­
c u s s e d and t h e i r c o m p u t a b i l i t y h a s b e e n d e m o n s t r a t e d . I n C h a p t e r V , t h e 
i m p l e m e n t a t i o n o f t h e a l g o r i t h m s i s i l l u s t r a t e d b o t h t h r o u g h s i m p l e 
n u m e r i c a l e x e r c i s e s and a more c o m p l e t e e x p e r i m e n t a l p r o b l e m . I n a d ­
d i t i o n , S o n d i k f s i n f i n i t e h o r i z o n a l g o r i t h m h a s b e e n s i m p l i f i e d and t h e 
compu te r p r o g r a m f o r b o t h a l g o r i t h m s made a v a i l a b l e . A c o m p l e t e l y d o c u ­
mented l i s t i n g o f t h e F o r t r a n p r o g r a m f o r t h e f i n i t e h o r i z o n i s f o u n d i n 
A p p e n d i x D and f o r t h e i n f i n i t e h o r i z o n i n A p p e n d i x E . 
D a t a r e q u i r e m e n t s a r e q u i t e o f t e n t h e c a u s e o f a m o d e l b e i n g 
d i s c a r d e d and s o m e t h i n g e l s e u s e d i n i t s p l a c e . E v e n t h o u g h t h e a p p r o a c h 
p r e s e n t e d h e r e r e q u i r e s a l a r g e r q u a n t i t y o f d a t a t h a n more p r i m i t i v e 
m e t h o d s , t h e d a t a and p a r a m e t e r r e q u i r e m e n t s a r e o f a more f u n d a m e n t a l 
n a t u r e . The p a r a m e t e r s c a n b e e s t i m a t e d u s i n g d a t a p r o v i d e d b y t h e h i s ­
t o r i c a l r e c o r d o f t h e o p e r a t i n g s y s t e m . The p r o c e d u r e f o r e s t i m a t i n g t h e 
t r a n s i t i o n p r o b a b i l i t i e s d e v e l o p e d i n A p p e n d i x A i s a c a s e i n p o i n t . L e s s 
j udgemen t and e x p e r i e n c e a r e r e q u i r e d h e r e t h a n , f o r e x a m p l e , i n a m o d e l 
u s i n g t h e v a r i a b l e l a b e l e d L i n Dyckman T s t r e a t m e n t w h i c h r e q u i r e s , i n 
e f f e c t , an a d v a n c e k n o w l e d g e o f when i n v e s t i g a t i o n s w i l l o c c u r i n t h e 
f u t u r e . 
I t h a s b e e n shown t h a t t h e a p p r o a c h i n t h i s t h e s i s i s f l e x i b l e , 
accommoda t i ng a l a r g e number o f v a r i a t i o n s . H o w e v e r , t h e r e a r e o t h e r 
e x t e n s i o n s t o t h e c o s t v a r i a n c e i n v e s t i g a t i o n p r o b l e m t o w h i c h t h e r e l ­
e v a n c e o f t h i s m o d e l i s y e t t o b e d e m o n s t r a t e d . A s one i l l u s t r a t i o n , 
c o n s i d e r a g a i n t h e a d d i t i o n a l a l t e r n a t i v e o f an e x p l o r a t o r y i n v e s t i g a ­
t i o n . A n i m p o r t a n t q u e s t i o n i s w h e t h e r t h e m o d e l u t i l i z e s a l l t h e i n ­
f o r m a t i o n i t g e n e r a t e s . O t h e r a r t i c l e s t h a t h a v e d e a l t w i t h t h i s m a t t e r 
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i n d i c a t e t h a t a f t e r an e x p l o r a t o r y i n v e s t i g a t i o n i s p e r f o r m e d , i f t h e 
c a u s e f o r b e i n g i n a l e s s t h a n d e s i r a b l e s t a t e h a s n o t b e e n d e t e c t e d , 
t h e s t a t e p r o b a b i l i t i e s s h o u l d i m m e d i a t e l y b e r e v i s e d . T h e n , b e f o r e 
o p e r a t i o n s r e s u m e , t h e d e c i s i o n o f w h e t h e r t o c o n d u c t a f u l l i n v e s t i g a ­
t i o n s h o u l d b e made b a s e d on r e v i s e d p r o b a b i l i t i e s . T h e r e a r e t i m e s 
when t h i s i s a v a l i d q u e s t i o n . H o w e v e r , s i n c e i t does n o t seem t o f i t 
r e a d i l y i n t o t h i s m o d e l , an a r e a f o r f u t u r e s t u d y i s t o a s c e r t a i n t h e 
c o n d i t i o n s f o r w h i c h t h e a l t e r n a t i v e o f a f u l l i n v e s t i g a t i o n f o l l o w i n g 
a n u n s u c c e s s f u l e x p l o r a t o r y i n v e s t i g a t i o n w o u l d n e v e r b e c h o s e n . 
I n t h i s c o n t e x t , t h e r e a r e two p r o p e r t i e s o f t h e p r o b a b i l i t y 
s t a t e s p a c e t h a t a l w a y s e x i s t . T h e y a r e (1) t h a t t h e r e v i s e d p r o b a b i l i t y 
f o r s t a t e 1 f o l l o w i n g an u n s u c c e s s f u l e x p l o r a t o r y i n v e s t i g a t i o n n e v e r 
d e c r e a s e s ; t h a t i s , TTJ - TI^ , and (2) t h a t t h e i n v e s t i g a t i o n r e g i o n i s 
c o n v e x . The r e s u l t o f (2) i s p r o v e d i n A p p e n d i x C 
I t w o u l d be i n t e r e s t i n g t o know i f , f o r e x a m p l e , t h e e x i s t e n c e o f 
t h e s e two p r o p e r t i e s a l o n g w i t h some r e s t r i c t i o n s r e l a t e d t o t h e c o s t 
d a t a w o u l d l e a d t o t h e c l a s s o f p r o b l e m s m e n t i o n e d a b o v e , f o r w h i c h a 
f u l l i n v e s t i g a t i o n i s n e v e r c h o s e n f o l l o w i n g a n u n s u c c e s s f u l e x p l o r a t o r y 
i n v e s t i g a t i o n . 
A n o t h e r a r e a f o r f u t u r e r e s e a r c h i s t o s t u d y t h e i m p l i c a t i o n s o f 
r e s t r i c t i o n s p l a c e d o n t h e t r a n s i t i o n p r o b a b i l i t i e s . C o n s i d e r , f o r e x ­
a m p l e , t h e d e t e r m i n a t i o n o f o p t i m a l r e p l a c e m e n t r u l e s i n a c o m p l e t e l y 
o b s e r v a b l e M a r k o v p r o c e s s s e t t i n g . Derman [4] h a s shown t h a t when c e r ­
t a i n m o n o t o n i c i t y - p r e s e r v i n g c o n d i t i o n s a r e i m p o s e d on t h e t r a n s i t i o n 
p r o b a b i l i t i e s , t h e o p t i m a l r e p l a c e m e n t r u l e i s t o r e p l a c e i f and o n l y 
i f t h e o b s e r v e d s t a t e i s one o f t h e s t a t e s i , i + l , . . . , L f o r some i , t h e 
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s t a t e s b e i n g o r d e r e d f r o m 0 t o L w i t h s t a t e 0 t h e most d e s i r a b l e . 
I n c o s t v a r i a n c e i n v e s t i g a t i o n p r o b l e m s , i t seems t h a t , i f t h e 
same c o n d i t i o n s a r e imposed on t h e t r a n s i t i o n p r o b a b i l i t i e s , o p t i m a l 
d e c i s i o n r u l e s c o u l d b e e a s i l y c h a r a c t e r i z e d . I n o t h e r w o r d s , i t may 
b e p o s s i b l e t o s e p a r a t e t h e r e g i o n i n w h i c h i n v e s t i g a t i o n d e c i s i o n s a r e 
o p t i m a l f r o m t h e d o - n o t h i n g r e g i o n s by means o f a h y p e r p l a n e . When t h i s 
i s p o s s i b l e , c o m p u t a t i o n a l r e q u i r e m e n t s w o u l d be d r a s t i c a l l y r e d u c e d as 
o n l y t h e s e p a r a t i n g h y p e r p l a n e w o u l d n e e d t o b e d e t e r m i n e d . 
I n c o n c l u s i o n , t h e a p p r o a c h t o t h e i n v e s t i g a t i o n o f c o s t v a r i a n c e s 
d e v e l o p e d i n t h i s t h e s i s h a s many a d v a n t a g e s o v e r o t h e r methods p r o p o s e d 
i n t h e l i t e r a t u r e . N e v e r t h e l e s s , more c o m p l e x p r o b l e m s i t u a t i o n s c o n ­
t i n u e t o e x i s t and c a n be t h e s u b j e c t o f f u t u r e s t u d y . 
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APPENDIX A 
THE ESTIMATION OF TRANSITION P R O B A B I L I T I E S 
One s e t o f t h e r e q u i r e d p a r a m e t e r s o f t h e m o d e l i s t h e s e t o f 
p r o b a b i l i t i e s i n t h e s t a t e t r a n s i t i o n m a t r i x . T h e s e v a l u e s a r e s e l d o m 
known w i t h c e r t a i n t y and must b e e s t i m a t e d , u s u a l l y f r o m p a s t r e c o r d s o f 
t h e p r o c e s s . 
When a v a i l a b l e , h i s t o r i c a l t r a n s i t i o n f r e q u e n c i e s a r e t h e b e s t 
means o f e s t i m a t i n g t r a n s i t i o n p r o b a b i l i t i e s [ 1 5 , 1 6 ] . T h a t i s , i f a 
h i s t o r i c a l r e c o r d o f t h e s t a t e a t e a c h t i m e p e r i o d i s a v a i l a b l e , P . . i s 
e s t i m a t e d by t h e number o f t r a n s i t i o n s f r o m i t o j d i v i d e d by t h e number 
o f v i s i t s t o i . When h i s t o r i c a l r e c o r d s do n o t c o n t a i n t r a n s i t i o n s b u t 
o n l y p r o p o r t i o n s o f t i m e i n v a r i o u s s t a t e s , t h e methods o f B r y a n t [3] 
a r e a p p l i c a b l e . 
I n t h e c o s t - v a r i a n c e i n v e s t i g a t i o n a n a l y s i s s i t u a t i o n , h o w e v e r , 
n e i t h e r o f t h e s e k i n d s o f d a t a a r e n o r m a l l y a v a i l a b l e , b e c a u s e t h e t r u e 
s t a t e i s known o n l y when a n i n v e s t i g a t i o n i s made . Thus t h e e s t i m a t i o n 
me thods must b e m o d i f i e d t o t a k e i n t o a c c o u n t t h a t t h e h i s t o r i c a l r e c o r d 
i s o f t h e s t a t e o f k n o w l e d g e , TT, n o t t h e u n d e r l y i n g s t a t e . 
F o r an a b s o r b i n g t w o - s t a t e m o d e l , t h e o n l y p a r a m e t e r w h i c h n e e d s 
t o be e s t i m a t e d i s g , w h e r e 1 - g i s t h e p r o b a b i l i t y o f a t r a n s i t i o n f r o m 
i n - c o n t r o l t o o u t - o f - c o n t r o l . Dyckman [7] h a s p r o v i d e d a method o f e s ­
t i m a t i n g t h e mean t i m e b e t w e e n v i s i t s t o t h e o u t - o f - c o n t r o l s t a t e , whose 
r e c i p r o c a l i s a n e s t i m a t e o f t h e t r a n s i t i o n p r o b a b i l i t y . 
F o r t h i s m e t h o d , c o n s i d e r a s e r i e s o f n p a s t c o s t o b s e r v a t i o n s , 
{ 6 l , 0 2 , . . . , 6 n ) r e c e i v e d b e t w e e n two s u c c e s s i v e p e r f e c t i n v e s t i g a t i o n s 
w h i c h r e v e a l e d an o u t - o f - c o n t r o l s i t u a t i o n . G i v e n t h e r e c o r d o f t h e 
c o n t r o l d e c i s i o n c h o s e n a t t h e b e g i n n i n g o f e a c h t i m e p e r i o d o f t h e 
s e r i e s o f c o s t o b s e r v a t i o n s u n d e r c o n s i d e r a t i o n , t h e s t a t e o f k n o w l e d g e 
T T ( t ) , a t e a c h t ime t , 0 < t < n , c a n be d e t e r m i n e d by B a y e s i a n methods 
whe re 
TT(t) = [ T T 1 ( t ) , T T 2 ( t ) ] 
I f an i n v e s t i g a t i o n t o o k p l a c e a t some t i m e n x < n whe re an i n - c o n t r o l 
s i t u a t i o n was f o u n d , t h e n i r ( t ) = [ 1 , 0 ] f o r a l l t - n x . 
D e f i n e a s t h e p r o b a b i l i t y t h a t t h e p r o c e s s made a t r a n s i t i o n 
t o t h e o u t - o f - c o n t r o l s t a t e d u r i n g p e r i o d k , 1 - k ^ n . 
Q K = T r 1 ( l ) T T 1 ( 2 ) . . . T T 2 ( k ) . . . T r 2 ( n ) 
L e t S^. b e t h e c o n d i t i o n a l p r o b a b i l i t y t h a t t h e p r o c e s s made a 
t r a n s i t i o n t o t h e o u t - o f - c o n t r o l s t a t e d u r i n g p e r i o d k , g i v e n t h a t a n 
o u t - o f - c o n t r o l s t a t e e x i s t e d a t t i m e n . Then 
Q k 
2 Q o 
1=1 L 
D e f i n e E ( T ) as t h e e x p e c t e d t i m e f o r t h e p r o c e s s t o move t o t h e 
o u t - o f - c o n t r o l s t a t e f o r t h i s s e r i e s o f c o s t o b s e r v a t i o n s . Then 
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n 








G i v e n E ( T ) f o r e a c h o f s e v e r a l s e r i e s o f c o s t o b s e r v a t i o n s , a n 
a v e r a g e E ( T ) c a n b e o b t a i n e d , w h e r e E ( T ) i s t h e e s t i m a t e o f t h e mean 
p a s s a g e t i m e t o an o u t - o f - c o n t r o l s t a t e . The e s t i m a t e , 1 - g , i s t h e 
r e c i p r o c a l o f E ( T ) . 
The d e v e l o p m e n t o f t h e p a r a m e t e r s f o r a g e n e r a l p r o b a b i l i t y m a t r i x 
i s more d i f f i c u l t . The f o l l o w i n g d i s c u s s i o n , w h i c h i s an e x t e n s i o n o f 
D y c k m a n T s d e r i v a t i o n s , i s a means f o r e s t i m a t i n g t h e t r a n s i t i o n p r o b a b i l ­
i t i e s f o r p r o c e s s e s h a v i n g more t h a n two s t a t e s . 
C o n s i d e r a s e r i e s o f p a s t c o s t o b s e r v a t i o n s , { 0 i , 8 2 , . • • , 9 n ) • r e ­
c e i v e d b e t w e e n any two s u c c e s s i v e p e r f e c t i n v e s t i g a t i o n s o f a p r o c e s s 
h a v i n g N g s t a t e s . A t t h e b e g i n n i n g o f p e r i o d 1 , t h e p e r i o d when Q \ was 
r e p o r t e d , t h e p r o c e s s was known t o be i n s t a t e 1 f o r an i n v e s t i g a t i o n 
and c o r r e c t i o n had j u s t o c c u r r e d . F o l l o w i n g t h e r e c e i p t o f 9 ^ , an i n ­
v e s t i g a t i o n t o o k p l a c e w h i c h r e v e a l e d t h a t t h e p r o c e s s was i n s t a t e j . 
T h e r e a r e (N ) n ^ p o s s i b l e e v e n t s t h a t c o u l d l e a d t o s t a t e j a t t h e end 
s 
o f p e r i o d n . L e t E ^ be one o f t h e ( N g ) n ^ p o s s i b l e e v e n t s . The p r o b ­
a b i l i t y o f e v e n t E ^ i s g i v e n by 
? f l { Z . } = TT (1) TT (2) . . . TT, (n) 
1 yi 7 2 J 
w h e r e y i s t h e s t a t e o f t h e p r o c e s s a t t i m e m f o r e v e n t E . . 
m 1 
D e f i n e Z as t h e p r o b a b i l i t y t h a t t h e p r o c e s s i s i n s t a t e j a t t h e 
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end o f p e r i o d n . 
a y " - 1 
Z = I P/l{E } 
i = l 
L e t be t h e c o n d i t i o n a l p r o b a b i l i t y o f e v e n t o c c u r r i n g g i v e n 
s t a t e j i n p e r i o d n . 
P/l{E.} 
W. = — 
i Z 
T h e e l e m e n t , P r s > i n t h e t r a n s i t i o n m a t r i x , i s t h e p r o b a b i l i t y o f 
a t r a n s i t i o n i n t h e p r o c e s s f r o m s t a t e r t o s t a t e s . I n e s t i m a t i n g P r g » 
l e t be t h e number o f t i m e s a t r a n s i t i o n f r o m s t a t e r t o s t a t e s o c c u r s 
i n e v e n t E.. L e t T . , b e t h e number o f p e r i o d s f o r t h e h - t h t r a n s i t i o n 1 i n 
f r o m s t a t e r t o s t a t e s f o r e v e n t E .̂ The e x p e c t e d p a s s a g e t i m e f r o m r 
t o s f o r t h e s e r i e s o f c o s t o b s e r v a t i o n s i s g i v e n by 
E(T<r .s)) = 1 I T — 
1=1 h -1 (N ) n 1 
s 
£=1 ^ 
( N s ) n -1 
w h e r e £ C*W« i s t h e e x p e c t e d v a l u e o f t h e t o t a l number o f c h a n g e s 
f r o m r t o s i n t h e n t i m e p e r i o d s . 
The mean p a s s a g e t i m e f r o m r t o s , E ( T ( r * - s ) ) , i s o b t a i n e d f r o m 
t h e a v e r a g e o f E(T(r->-s)) f o r s e v e r a l s e r i e s o f c o s t o b s e r v a t i o n s . T h u s 
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APPENDIX B 
CONSTRUCTION OF THE P A R T I T I O N 
To d e t e r m i n e i f a p o l i c y i s f i n i t e l y t r a n s i e n t , a r e f i n e d p a r t i -
00 
t i o n f o r t h e p o l i c y r u l e 6 must be c o n s t r u c t e d . F o r p r o b l e m s h a v i n g 
o n l y N g = 2 u n d e r l y i n g s t a t e s , t h e d e t e r m i n a t i o n o f t h e p a r t i t i o n c a n b e 
r e a d i l y e x p r e s s e d g r a p h i c a l l y ; f o r N - 3 , t h e p a r t i t i o n , V ° = { V ? , . . . , V ^ }, 
s M 0 
00 
i n d u c e d by a g i v e n s t a t i o n a r y p o l i c y o i s f i r s t c o n s t r u c t e d . T h i s p a r ­
t i t i o n i s u s u a l l y w e l l - d e f i n e d by a s e t o f a - v e c t o r s , w h e r e e a c h V? i s 
a s s o c i a t e d w i t h a . . I f IT « , t h e n T r a . = minTra , f o r a l l k . A s s o c i a t e d 
3 j 3 
w i t h e a c h a . i s a c o n t r o l d e c i s i o n 6(TT) *<5. F o r e x a m p l e , 
The p a r t i t i o n V 1 i s n e x t f o r m e d . I t s b o u n d a r i e s a r e t h e s e t s D 1 
and D ^ , whe re i s t h e s m a l l e s t c l o s e d s e t i n I I f o r w h i c h t h e p o l i c y i s 
d i s c o n t i n u o u s and 
D 1 = [ T T : T ( I T | 6 , 6 ) £ D J 
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To s e e how D 1 i s f o r m e d , c o n s i d e r t h e t r a n s i t i o n o f t h e s e t II f o r some 
9 u s i n g c o n t r o l a l t e r n a t i v e a = 1 as i l l u s t r a t e d b e l o w . T h i s i l l u s t r a t i o n 
i s s i m i l a r t o t h a t above i n t h a t e a c h r e g i o n i s r e p r e s e n t e d by an a - v e c ­
t o r , d e n o t e d b y a 1 " . a w h e r e 
a 1 . Q = P a R Q a . a , j , 9 9 3 
The b o u n d a r i e s o f t h e above r e g i o n s a r e d e n o t e d by B Q and a r e u s e d i n 
a ,y 
f o r m i n g D 1 . S i n c e a = l , t h e c o n t r o l a l t e r n a t i v e f o r r e g i o n , a p a r t i a l 
c o n s t r u c t i o n o f D 1 i s t h e p a r t o f B Q w h i c h l i e s i n r e g i o n V? f r o m t h e 
a , w l 
f i r s t i l l u s t r a t i o n . The d a s h e d l i n e above i n d i c a t e s t h e p o s i t i o n o f 
r e l a t i v e t o B Q . T h e r e f o r e a p a r t i a l c o n s t r u c t i o n o f V 1 i s as f o l l o w s : 
9 0 
The p r o c e d u r e i s r e p e a t e d f o r e a c h 0 and f o r e a c h r e g i o n t o o b t a i n a 
c o m p l e t e f o r m a t i o n o f V 1 . 
A l g e b r a i c a l l y , t h e c o m p l e t e c o n s t r u c t i o n o f V 1 i n v o l v e s f i n d i n g 
a l l v e c t o r s o f t h e form a 1 . A = P a R A a . f o r e a c h a « A , f o r e a c h 0 , and f o r 
e a c h j . E a c h s e t V* « V 1 i s d e f i n e d b y a s e t o f N Q + 1 v e c t o r s , {OL\ t a } A , 
a* r, , . . . , a l a } w h e r e TT e v \ i f 
J » 0 2 J » e N 0 J 
TT OL] - m i n TT OL f o r a l l k 
i . v k 
and f o r a = 5 . , i f 
J 
TT a ] a = m i n TT a 1 0 Q f o r a l l t 
f o r a l l i 
The p r o c e d u r e f o r d e f i n i n g a l l t h e r e g i o n s i s a s e a r c h t e c h n i q u e 
s i m i l a r t o t h a t u s e d i n t h e O n e - p a s s A l g o r i t h m i n C h a p t e r I I I . B e g i n 
w i t h V* *v j and i n i t i a l p o i n t TTQ = ( 1 , 0 , , 0 ) . C a l c u l a t e a } f o r TT0 
w h e r e TTQCI j = m i n TT 0 a^.. F o r a = 6 ( T T o ) , f i n d a l l v e c t o r s o f t h e f o r m 
k 
a a t 0 = p S R 0 a t f ° r ^ 
f o r a l l 0 
F o r e a c h 0 . d e t e r m i n e a . Q s u c h t h a t 
T h i s c o m p l e t e l y d e f i n e s v j . 
To f i n d a d j a c e n t r e g i o n s , s e t up a l i n e a r p r o g r a m m i n g p r o b l e m o f 
9 1 
t h e f o r m 
max: f . 
1 
S . T . T R A J - T R A , 5 0 f o r A L L K £ L ( A ) 
Tret? Q - T R A 1 0 a < 0 f o r A L L I (b) 
' l I e x c e p t f o r 
1 , 6 . A , - £ , 9 . 
I I 
f o r a l l i 
^ 1 
T T . > 0 
1 
w h e r e e a c h c o n s t r a i n t i n (b) must b e u s e d as t h e o b j e c t i v e f u n c t i o n f ^ . 
I f f i i s e q u a l t o 0 a t o p t i m a l i t y , t h e n a new r e g i o n i s f o u n d . The new 
r e g i o n i s i d e n t i f i e d by t h e same NQ + 1 v e c t o r s as t h e r e g i o n b e i n g 
s e a r c h e d e x c e p t t h a t a . Q becomes a 0 a . T h i s c o n t i n u e s u n t i l a l l 
1 , 8 . a , £ , 9 . 
i i 
t h e r e g i o n s a r e s e a r c h e d . I f t h e number o f r e g i o n s i n V 1 i s t h e same as 
i n V ° , t h e n t h e p o l i c y i s f i n i t e l y t r a n s i e n t and t h e p a r t i t i o n i s com­
p l e t e . I f t h e number o f r e g i o n s i n V 1 i s g r e a t e r t h a n i n V ° , t h e n V 2 i s 
2 2 
c o n s t r u c t e d as f o l l o w s . B e g i n w i t h V\. = V 1 , TTQ = ( 1 , 0 , . . . , 0 ) and a = 6 ( T T O ) . 
1 1 1 2 
I d e n t i f y t h e r e g i o n b y a s e t o f 2 N Q + 1 v e c t o r s , {otj ' o ^ Q , . . .ctj , 0 ^ g 
2 2 2 3 1 9 ' 
. . . a . Q } w h e r e a . Q i s d e f i n e d by T T N A , Q = m i n TtnP i l Q ct. Q . 1 ,9 N Q 1 ,9 ± i,ei k>e£ 9± 
T o s e a r c h a d j a c e n t r e g i o n s , t h e l i n e a r p rog ramming p r o b l e m i s e s ­
t a b l i s h e d as f o l l o w s : 
M A X : f . 
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s . t . TTCaj - \ ) - 0 f o * a l l ( a ) 
Tvaj Q - T T P a R Q C L ^ < 0 f o r a l l k (b) 
' i i e x c e p t f o r 
9 1 1 
f o r a l l i 
Tret 2 a - i r P a R . a 1 Q < 0 f o r a l l k ( c ) 
i i ' l f o r a l l 9 
e x c e p t f o r 
a i > E . " P A R E . a k > E 4 
i i i 
f o r a l l i 
i 
TT. — 0 
1 
E a c h c o n s t r a i n t i n ( c ) i s i n t u r n u s e d as an o b j e c t i v e f u n c t i o n . 
I f a t o p t i m a l i t y , f ^ * 0 , t h e n a new r e g i o n h a s b e e n f o u n d whose i d e n t i f y ­
i n g s e t o f v e c t o r s i s t h e same a s t h e r e g i o n b e i n g s e a r c h e d e x c e p t t h a t 
2 a 1 
a . Q becomes P L a . fl . 1 , 6 . 9. k , 9 £ 
The c o n s t r u c t i o n o f a r e f i n e d p a r t i t i o n c o n t i n u e s i n l i k e f a s h i o n 
u n t i l i t i s f o u n d t h a t t h e p o l i c y i s f i n i t e l y t r a n s i e n t . 
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APPENDIX C 
PROOF OF THE CONVEXITY OF THE ' I N V E S T I G A T E ' REGION 
C o n s i d e r any two p o i n t s TT^ and TT 2 i n t h e i n v e s t i g a t e r e g i o n . Thus 
C n ( T T i ) = 7 r l Y a i + 3 i : m i n T r 1 P a i R A a ^ 1 ; k = l , . . . , S ( n ~ 1 ) 
6 k 9 k 
and 
C n ( T T 2 ) = T r 2 Y a i + 8 Z m i n T r 2 P a i R A a ^ _ 1 ; k = l , . . . , S ( n - 1 ) 
0 k y k 
w h e r e a i i s t h e ' i n v e s t i g a t e ' a l t e r n a t i v e . 
L e t 
TT = X TTi + (1 - \ ) TT2 
w h e r e 
0 < X < 1 
a i 
S i n c e t h e rows o f P 1 a r e a l l i d e n t i c a l , 
T T i P 3 1 = T T 2 P a i = T T P 3 1 
T h i s i m p l i e s t h a t 
dCTTx.e.a i ) = d ( T T 2 , e , a ! ) = d O r ^ a i . ) 
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T h e r e f o r e 
and 
L e t 
C^iTti) = TTj_ Ci* 
and 
C n (7T 2 ) = TT2 a * 
w h e r e 
a * = y a i + 8 I P a i R f i a^Ti fl , 
T h u s , a * i s one o f t h e a - v e c t o r s i n t h e t o t a l s e t o f a - v e c t o r s and 
C n(7r; S TT a * (1) 
A t t h e same t i m e 
e n(7T) > X C^Cirx) + (1-X) C n (7T2) 
f r o m t h e f a c t t h a t t h e c o s t f u n c t i o n i s p i e c e w i s e l i n e a r and c o n c a v e . 
T h e r e f o r e , 
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C n ( T r ) > A TT! a * + ( L - X ) T r 2 a * 
= TTCX* (2) 
T o g e t h e r , (1) and (2) i m p l y t h a t 
C n ( T r ) = IT a * 
and TT b e l o n g s t o t h e same r e g i o n as TT]_ and T ^ . T h e r e f o r e , t h e r e g i o n i s 
c o n v e x . 
APPENDIX D 
FORTRAN PROGRAM FOR THE P A R T I A L L Y OBSERVABLE 
MARKOV PROCESS OVER A F I N I T E HORIZON 
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PROGRAM MAIN <INPUT,OUTPUT,TAPE5»INPUT , TAPE6*0UTPUT) 





C THE FOLLOWING IS THE COMPUTER PROGRAM OF THE ALGORITHM FOR THE PARTIALLY 
C OBSERVABLE MARKOV PROCESS OVER A FINITE HORIZON DEVELOPED IN 
C EDWARD J . SONDIK,"THE OPTIMAL CONTROL OF PARTIALLY 
C OBSERVABLE MARKOV PROCESSES , ' P H . D. DISSERTATION » DEPARTMENT OF 
C ENGINEERING-ECONOMIC SYSTEMS, STANFORD UNIVERSITY , STANFORD, 
C CALIFORNIA, JUNE 1 9 7 1 . 
C SEE ALSO , 
C R.D.SMALLWOOD AND E.J.SONDIK,'THE OPTIMAL CONTROL OF PARTIALLY 
C OBSERVABLE MARKOV PROCESSES OVER A FINITE HORIZON,• OPERATIONS 




C THE FOLLOWING IS A DESCRIPTION OF ALL ARRAYS AND MAJOR 
C VARIABLES USED IN THIS PROGRAM. 
C 
C ARRAYS. . . . . 
C 
C P=ARRAY OF STATE TRANSITION PROBABILITIES OF SIZE ( I X I X K) 
C WHERE I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION 
C ALTERNATIVES. 
C R=ARRAY OF COST PROBABILITIES OF SIZE ( I X J X K) WHERE I IS 
C THE NUMBER OF STATES» J IS THE NUMBER OF COST OBSERVATIONS 
C AND K IS THE NUMBER OF DECISION ALTERNATIVES. 
C GAMMA=ARRAY OF IMMEDIATE EXPECTED COSTS OF SIZE <I X K> WHERE 
C I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION 
C ALTERNATIVES. 
C ALFOLD=ARRAY OF PREVIOUS PERIOD ALPHA-VECTORS OF SIZE ( I X M) 
C WHERE I IS THE NUMBER OF STATES AND M IS THE ESTIMATED 
C NUMBER OF REGIONS IN THE PROBABILITY STATE SPACE. 
C ALFNEW=ARRAY OF PRESENT PERIOD ALPHA-VECTORS, SAME SIZE AS 
C ALFOLD ARRAY. 
C IOPT=ARRAY RETURNED FROM SUBROUTINE ONEPAS<ONE-PASS>,INDICA-
C TING OPTIMAL DECISION ALTERNATIVE FOR CORRESPONDING ALFNEW. 
C ARRAY IS OF SIZE M, WHERE M IS THE ESTIMATED NUMBER OF 
C REGIONS IN THE PROBABILITY STATE SPACE. 
C VECTOR=ARRAY OF SIZE I WHERE I IS THE NUMBER OF STATES. IN 
C ONEPAS AND COSTPI, VECTOR IS USED IN COMPUTATION OF PRODUCTS 
C OF ARRAYS. 
C ARRAY=ARRAY OF COEFFICIENTS OF CONSTRAINTS AND OBJECTIVE 
C FUNCTIONS DEVELOPED IN SEARCH PROCEDURE. RIGHT HAND SIDE IS 
C IN LOCATION • IB" OF EACH ROW. 
C ISERCH=>ARRAY DESIGNATING WHETHER OR NOT A REGION HAS BEEN SEARCHED 
C FOR ADJACENT REGIONS. 
C IF ISERCH=0, THE REGION HAS BEEN SEARCHED. 
C IF ISERCH«1, THE REGION HAS NOT BEEN SEARCHED. 
C IDES=ARRAY USED IN SUBROUTINE ONEPAS TO INDICATE THE MAPPING 
C OF THE PAIRS <DECISION ALTERNATIVE,COST OBSERVATION) 
C ONTO THE SET OF PREVIOUS PERIOD ALPHA-VECTORS. THE ARRAY 
C IS OF SIZE N, WHERE N IS THE NUMBER OF COST OBSERVATIONS TIMES 
C THE NUMBER OF ALTERNATIVES, WHERE THE COST OBSERVATION INDEX 
C VARIES MOST RAPIDLY. 
C IND=ARRAY FOR STORAGE OF MAPPINGS FOR ALL REGIONS FOUND IN THE 
C PRESENT PERIOD. 
C ALFJA=ARRAY OF ALPHA-VECTOR VALUES FOR EACH ALTERNATIVE. 
- C _ . . AUFPRaARRAY OF VECTOR VALUES.FORMEIL BY. THE MINIMUM _OVER THE PREVIOUS 
PERIOD ALPHA-VECTORS OF THE PRODUCT OF P» FOR ALTERNATIVE 
• A ' , TIMES DIAGONALIZED R FOR ALTERNATIVE ' A ' AND COST O B S E R ­
VATION THETA, TIMES THE PREVIOUS PERIOD ALPHA-VECTOR. 
CBASIC=ARRAY OF VALUES OF STATE VARIABLES FOR CORRESPONDING 
O B J E C T I V E FUNCTION IN LINEAR PROGRAM AT O P T I M A L I T Y . 
jND=ARRAY I N D I C A T I N G STATUS OF EACH O B J E C T I V E FUNCTION I N LINEAR 
PROGRAM. 
I F J N D = 0 , THEN OPTIMALITY HAS NoT BEEN REACHED. 
I F JND>Of THEN OPTIMALITY HAS BEEN REACHED. 
I B A S I C = A R R A Y I N D I C A T I N G B A S I C V A R I A B L E S . 
MAJOR VARIABLES 
NSTATE=NUMBER OF STATES 
NTHETA=NUMBER OF P O S S I B L E COST O B S E R V A T I O N S . 
NALTER=NUMBER OF D E C I S I O N A L T E R N A T I V E S . 
NALPHA=NUMBER OF ALPHA-VECTORS IN THE P R E V I O U S P E R I O D . 
NTERM=NUMBER OF TOTAL REMAINING TIME P E R I O D S . 
B E T A a p R E S E N T VALUE DISCOUNT FACTOR. 
MCOUNT»NUMBER OF ALPHA-VECTORS IN THE PRESENT P E R I O D . 
NUM=NUMBEft OF O B J E C T I V E FUNCTIONS I N THE LINEAR PROGRAM. 
N U M l = P O S I T I O N OF THE CONSTRAINT THAT THE SUM OF THE P R O B A B I L I T I E S 
TOTAL TO ONE. 
I B = P O S I T I Q N OF RIGHT HAND S I D E OF LINEAR PROGRAM. 
NUMCON=TOTAL NUMBER OF L I N E S I N LINEAR PROGRAM. 
I S L A K 1 = P 0 S I T I 0 N OF F I R S T SLACK V A R I A B L E . 
I S L A K 2 = P 0 S I T I 0 N OF LAST SLACK V A R I A B L E . 
NROW=PIVOT ROW 
I C O L = P I V O T COLUMN 
I C O N = O B J E C T I V E FUNCTION ROW PRESENTLY BEING O P T I M I Z E D . 
IROW=INDEX OF B A S I C V A R I A B L E . 
NOTE.* THE PARAMETERS IA AND ID CORRESPOND TO ESTIMATED 
D I M E N S I O N S FOR VARIOUS ARRAYS• THROUGHOUT THE PROGRAM THE ARRAYS 
ARE TESTED FOR O V E R - I N D E X I N G . THE PROGRAM WILL ABORT I F OVER-
INDEXING OCCURS AND A CORRESPONDING MESSAGE WILL BE R E C E I V E D . 
WHEN I N C R E A S I N G I A , CHANGE THE VALUE OF IA AND THE D I M E N S I O N S 
OF THE FOLLOWING ARRAYS: A R R A Y < I A , I A ) , C B A S I C ( I • I A > , J N D ( I A > r 
I B A S I C C I A ) . WHEN INCREASING I D , CHANGE THE VALUE OF I D 
AND THE DIMENSIONS OF THE FOLLOWING ARRAYS t A L F O L D < I , I A ) , 
A L F N E W ( I , I A ) , I O P T < I A ) , I S E R C H ( I A ) , I N D < N , I A > . 
THE ONLY PURPOSE OF THE MAIN PROGRAM I S TO INCREMENT THE TIME 
P E R I O D S AND TO WRITE THE VALUES OF THE ALPHA-VECTORS AND THEIR 
CORRESPONDING OPTIMAL D E C I S I O N ALTERNATIVE FOR EACH TIME P E R I O D . 
R E A D ( 5 , * ) N S T A T E , NTHETA, NALTER, NALPHA tNTERM, BETA 
R E A D < 5 , * > ( ( ( P < M , N , I ) , N « 1 , N S T A T E ) , M = 1 , N S T A T E ) , I « 1 , N A L T E R ) 
R E A D C 5 , * ) < < < R < M , K , I ) »K'=1 ,NTHETA) » M » 1 , N S T A T E ) , 1 = 1 , N A L T E R ) 
R E A D < 5 , * ) < < G A M M A < M , I ) , M = l , N S T A T E ) , 1 = 1 , N A L T E R ) • 
READ < 5 , * ) < ( A L F O L D < I , J ) , J = 1 , N A L P H A ) , 1 = 1 , N S T A T E ) 
DO 1 N = l , N T E R M 
CALL ONEPAS < P , R,GAMMA, ALFOLD, N S T A T E , NTHETA, NALTER, NALPHA, B E T A , 
1 ALFNEW,IOPT,MCOUNT) 
P R I N T * , ' THE NUMBER OF P E R I O D S REMAINING U N T I L TERMINATION I S * , N 
W R I T E ( 6 , 2 ) ( I O P T ( J ) , J = l , M C O U N T ) 
F 0 R M A T ( 1 3 I 1 0 ) 
DO 5 I = 1 , NSTATE 
WRITE (6 ,4 ) < ALFNEW(I r J ) , J=«l ,MCOUNT) 
F 0 R M A T U 3 F 1 0 . 3 ) 





DO 6 I=1,NALPHA 









DIMENSION P<4,4,3>,R<4,15f3) ,GAMMA(4f3) ,ALFOLD<4,60) 
DIMENSION ALFNEW<4f60),IOPT(60),VECTOR< 4 > ,ARRAY(200r200) 
DIMENSION ISERCH<60) , IDES<45) , IND<45,60) ,ALFJA(4f3) 
DIMENSION ALFPR(4f45) ,CBASIC(4,200) 
C 
C THE PURPOSE OF THE SUBROUTINE ONEPAS<ONE-PASS> IS TO CALCULATE 




CALL COSTPI(P ,R ,GAMMA ,ALFOLD ,NSTATE , NTHETA,NALTER , 
1 NALPHAr BETA , I0PT<1>, IDES) 
C INITIALIZE FOR REGION NUMBER ONE. 
MM=NTHETA*NALTER 





C PICK A REGION TO BE SEARCHED. 
C 
26 DO 2 I*1,MC0UNT 
IF<ISERCHCI).EQ .0)G0 TO 2 
ISERCH(I)=0 
GO TO 3 
2 CONTINUE 
GO TO 53 
3 JALPHA=»I 
NUM»0 
C FOR GIVEN REGION, ASSIGN MAPPING VALUES TO IDES. 
MM=NTHETA*NALTER 
DO 12 M=1,MM 
12 IDES(M)=IND(MfI) 
C FOR GIVEN MAPPING, COMPUTE VALUES OF ALFJA FOR EACH ALTERNATIVE. 
DO 4 1*1fNALTER 
DO 5 M=l,NSTATE 
5 ALFJA<M,I>=0. 
C FOR GIVEN MAPPING, COMPUTE VALUES OF ALFPR FOR EACH PAIR, 
C CCOST OBSERVATION,DECISION ALTERNATIVE). 




DO 7 M=1,NSTATE 
ALFPR(M,I I )»0 . 
7 VECTOR(M)=R(M,K,I)*ALFOLD(M,KK) 
DO 6 M=l,NSTATE 
DO 6 N=»l, NSTATE 
6 ALFPR(M ,11)=ALFPR(M,II)+P(M,N,I)*VECTOR(N) 
DO 4 M«l,NSTATE 
DO 8 K=1,NTHETA 
II»<I-1)*NTHETA+K 
8 ALFJA(M,I)=ALFJA<M,I)+ALFPR(M,II) 
4 ALFJA< M fI)-ALFJA(M11)*BETA+GAMMA < M * I) 
C 
C SET UP LINEAR PROGRAM. 
E FORMATION OF COEFFICIENTS FOR NON-SLACK VARIABLES. 
DO 9 1=1tNALTER IF<I.EQ.IOPT<JALPHA))GO TO ? NUM=NUM+1 IF(NUM.GT.IA)GO TO 601 DO 10 N=lfNSTATE 10 ARRAY<NUMfN)=ALFJA(NfIOPT(JALPHA))-ALFJA<N?I) 9 CONTINUE DO 11 I=1,NALTER DO 11 K=lfNTHETA NN»(K-1)*NALTER+I KK=IDES<NN> II=<1-1)*NTHETA+K DO 13 L=lfNALPHA IF<L.EQ.KK)GO TO 13 NUM=NUM+1 IF(NUM.GT.IA)GO TO 601 DO 14 N«l,NSTATE ARRAY<NUM,N)»0. 14 VECTOR < N)=R < N , K,I>*ALFOLD(NrL) 
DO 15 M«ltNSTATE DO 15 N«1,NSTATE 15 ARRAY<NUM,M)=ARRAY<NUM,M)+P(MrN,I>*VECTOR(N> DO 16 N=l,NSTATE 16 ARRAY(NUM, N)=ALFPR(N r11)-ARRAY(NUM , N) 13 CONTINUE 11 CONTINUE IF(JALPHA. NE.1)GO TO 17 
DO 18 N=1FNSTATE 18 ALFNEW<N,1)=ALFJA<N,I0PT<1)) C COMPLETE FORMATION OF LINEAR PROGRAM. 17 NUM1=NUM+1 IF<NUM1.GT.IA)G0 TO 601 IB=NSTATE+NUM1 IF<IB.GT.IA)GO TO 601 NUMC0N=NUM1+NUM IF(NUMCON.GT.IA)GO TO 601 ISLAK1=NSTATE+1 I3LAK2=IB-1 DO 19 1=1fNUM DO 19 J=ISLAK1,IB 19 ARRAY(ItJ)=»0» DO 20 I=1,NSTATE 20 ARRAY<NUM1,I)=1. DO 21 I=ISLAK1,ISLAK2 21 HRRAY(NUM1,I)=0. ARRAY(NUM1»IB)=1. DO 22 I=1,NUM DO 22 J-ifIB 22 ARRAY(I+NUM11J)=ARRAY < I, J) DO 23 1=1,NUM ARRAY(I+NUMlrIB)»0. 23 ARRAY(I+NUM1,I+NSTATE)=1. CALL LINEAR(ARRAY , NUM, NUMCON,IB,ISLAK111SLAK2 , 1 NSTATE f CBASIC > C C CHECK FOR BINDING CONSTRAINTS. C DO 24 M=1,NUM J2=0 IF<ARRAY<M»IB)*GT.1.E-6)G0 TO 24 C IDENTIFY THE VARIABLES USED IN THE FORMATION OF THE CONSTRAINTS. 
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-DO 25 1=ItNALTER 
IF(I.EQ.IOPT<JALPHA))GO TO 25 
J2=J2+1 
IFCM.EQ.J2)G0 TO 34 
25 CONTINUE 
DO 35 1=1tNALTER 




DO 36 L=lfNALPHA 
IF(L.EQ.KK)60 TO 36 
J 2 * J 2 + 1 




C BINDING CONSTRAINT IS OF TYPE 1 . FORMED FROM PRESENT PERIOD 
C ALPHA-VECTORS. 
C 
3 4 NN=NTHETA*NALTER 
C DETERMINE IF NEW-FOUND REGION IS ALREADY IN LIST OF REGIONS. 
DO 38 J=l,MCOUNT 
DO 3? N=lfNSTATE 
IF(ABS(ALFJA(N,I)-ALFNEW < N , J ) ) . G T . 1 . E - 6 ) G O TO 38 
3? CONTINUE 
DO 40 N*1,NN 
IF<IDES<N).NE.IND(NfJ))G0 TO 38 
40 CONTINUE 
GO TO 24 
38 CONTINUE 
C INCREMENT NUMBER OF REGIONS IN LIST. 
MC0UNT=»MC0UNT+1 
IF(MCOUNT.GT.ID)GO TO 604 
ISERCH<MC0UNT)*1 
IOPT<MCOUNT)=I 
DO 41 N»1,NSTATE 
41 ALFNEW(N? MCOUNT)=ALFJA(N f I ) 
DO 42 N»1,NN 
42 IND(N,MCOUNT)»IDES(N) 
GO TO 24 
C 




IF(MCOUNT .EQ.ID)GO TO 604 
C DETERMINE IF REGION IS ALREADY IN LIST OF REGIONS. 
DO 48 N « l f J 2 
48 IND(N,MC0UNT+1)»IDES(N> 
IND<NN,MC0UNT+1)=L 
IF<I.NE.IOPT(JALPHA)> GO TO 43 
C DECISION ATERNATIVE OF NEW REGION IS SAME AS REGION BEING SEARCHED. 
DO 44 N»l,NSTATE 
ALFNEW < N tMCOUNT+1)=0. 
44 VECTOR<N)=R<N,K,I)*ALFOLD<N»L) 
DO 45 J»1,NSTATE 
DO 45 N»1,NSTATE 
45 ALFNEW < J ?MCOUNT+1)=ALFNEW < J » MCOUNT+1)+P < J , N11>*VECTOR(N) 
DO 52 J » i »NSTATE 
ALFNEW < J ?MCOUNT+1> *ALFJA < J11)+BETA*(ALFNEW < J *MCOUNT+1) 
1 - A L F P R < J , I I ) ) 
52 CONTINUE 
51 DO 46 J=lfMCOUNT 
DO 47 N»l»NSTATE 
IFJABS(ALFNEW<N»MC0UNT+1)-ALFNEW<N,J)).GT.1.E-6)G0 TO 46 
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47 CONTINUE 
DO 4? N=1,J2 
IF<IND<N,MCOUNT+l).NE.IND<N,J))GO TO 46 
49 CONTINUE 
GO TO 24 
46 CONTINUE 
C INCREMENT NUMBER OF REGIONS IN LIST. 
MCOUNT=MCOUNT+l 
ISERCH(MCOUNT)-l 
IOPT(MCOUNT)-IOPT < JALPHA > 
GO TO 24 
C DECISION ALTERNATIVE OF NEW REGION IS DIFFERENT FROM REGION 
C BEING SEARCHED. 
43 DO 50 N»lfNSTATE 
50 ALFNEW< N, MCOUNT+1)"ALFNEW < N ,JALPHA) 
GO TO 51 
24 CONTINUE 
GO TO 26 
C FORM NEW LIST OF REGIONS, DIFFERING WITH RESPECT TO ONLY DECISION 
C ALTERNATIVE AND ALPHA-VECTOR. 
53 MM=MCOUNT 
MC0UNT»1 
DO 54 N=2,MM 
DO 55 M«l,MCOUNT 
DO 56 I»1,NSTATE 
IF(ABS(ALFNEW<I,N)-ALFNEW<I,M)).GT.1.E-6)G0 TO 55 
56 CONTINUE 
GO TO 54 
55 CONTINUE 
MC0UNT=MC0UNT+1 
DO 57 1=1,NSTATE 




601 PRINT *,'INCREASE I A ' 
STOP 





SUBROUTINE L I N E A R ( A R R A Y , N U M , N U M C O N , I B , I S L A K 1 , I S L A K 2 , N S T A T E , 
1 CBASIC) 
DIMENSION ARRAY<200,200),CBASIC<4,200> , IBASIC<200) ,JND<200) 
C 
C THE PURPOSE OF THE SUBROUTINE IS TO FIND THE OPTIMAL VALUES 





DO 1 I=1,NUM 
1 JND(I )=0 
NROW = NUM1 
C 
C USING THE EXPANDED DUAL SIMPLEX ALGORITHM. 
C 
C STEP i : BASIS-SEEKING STEP. ROW NUM1 HAS NO BASIC VARIABLE. 
c PIVOT ON ROW NUM1 AND COLUMN ICOL. COLUMN ICOL IS CHOSEN SO 
C THAT RATIO A<1,I>/A<NUM1,I> IS SMALLEST. 
RATIO = - 1 0 0 0 0 0 0 . 
DO 20 I=1,NSTATE 
B = ARRAY(1,I)/ARRAY(NR0W,I> 
IF(B .LE. RATIO) GO TO 20 
RATIO » B 
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ICOL * I 
20 CONTINUE 
IBASIC(1)=IC0L 
I I = NROW - 1 
DO 16 1 = 1 , 1 1 
B = ARRAY(I,ICOL) 
DO 16 M=1,IB 
16 ARRAY(I,M)=ARRAY(I,M)-B*ARRAY(NROW»M) 
I I = NROW + 1 
DO 17 I=II,NUMCON 
B • ARRAY(I,ICOL) 
DO 17 M=1,IB 
17 ARRAY < I , M)=ARRAY ( I , M)-B#ARRAY(NROW tM > 
DO 18 I=2,LINES 
18 IBASICc'I) = NSTATE + 1-1 
C STEP 2 : FEASIBILITY-SEEKING STEP. PIVOT ON ROW NROW, COLUMN ICOL• 
C NROW IS R O W HAVING THE MOST NEGATIVE RIGHT HAND SIDE. ICOL 
C IS COLUMN HAVING NEGATIVE ELEMENT IN PIVOT ROW WITH MOST 
C FAVORABLE RATIO A<1,I)/A(NROW,I) 
66 B = - l . E - 6 
D O 65 I=NUM1,NUMC0N 




I F ( B . G E . - 1 . E - 6 ) G 0 TO 22 
J1=0 
RATIO=0. 
D O 60 I=1,ISLAK2 
IF (ARRAY(NROW,I > .LE. - l»E-6)GO TO 61 
60 CONTINUE 
DO 5? I=1,NUM 
5? ARRAY(I , IB)»1000000. 
RETURN 
61 DO 67 I=1,ISLAK2 
IF(ARRAY(NROW,I>.GT.-1.*1.E-6)GO TO 67 
IF(ARRAY(1, I> .LT.1 .E-6)GG TO 67 
IF(ARRAY(1,1)/ARRAY(NROW,I).GE.RATIO)GO TO 67 
RATIO = ARRAY(1,1)/ARRAY(NROW,I) 
J l = l 
ICOL=I 
67 CONTINUE 
IF( J l .EQ.DGO TO 68 
RATI0=1000000. 
DO 69 I=1,ISLAK2 
IF(ARRAY(NROW,I).GT.-1.*1.E-6)GQ TO 69 







DO 70 M*1,IB 
70 ARRAY(NROW, M)=ARRAY(NROW »M)/B 
II=NR0W-1 
DO 71 1=1 ,11 
B=ARRAY(I,ICOL) 
DO 71 M»1,IB 
71 ARRAY <I» M)=ARRAY(I»M)-BfcARRAY(NROW , M) 
II=NR0W+1 
IF(II.GT.NUMCON)GO TO 15 
DO 72 I=II,NUMCON 
B=ARRAY(I,ICOL) 
DO 72 M=1,IB 
72 ARRAY(I,M)=ARRAY(I,M)-B*ARRAY(NROW»M) _ 
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13 GO TO 66 
c STEP 3 : OPTIMALITY-SEEKING STEP. PIVOT RULES ARE IDENTICAL 
c TO SIMPLEX ITERATION. 
22 DO 19 I=NUM1,NUMC0N 
IF(ARRAY(If IB) .LT.O. )ARRAY(I , IB)«0 . 
19 CONTINUE 
J l - 0 
C AN OBJECTIVE FUNCTION, PREVIOUSLY OPTIMIZED, IS NOT AFFECTED 
C BY ADDITIONAL PIVOTS. 
DO 23 M»1,NUM 
IF( JND(M) .EQ.DGO TO 23 
J 2 - 0 
DO 24 N=1,ISLAK2 
IF<ARRAY(M,N).LT.1.E-6)G0 TO 24 
J 2 = l 
I F ( J 1 . E Q . 1 ) G 0 TO 25 
ICON-M 
J l - 1 
GO TO 25 
24 CONTINUE 
25 IF<J2.EQ.1)GO TO 23 
JND<M)=1 
DO 34 I=1,NSTATE 
34 CBASIC(I ,M>-0. 
DO 35 1=1,LINES 
I I=IBASIC(I> 
IF(II.GT.NSTATE)GO TO 35 
CBASIC(11fM)-ARRAY(I+NUM , I B ) 
35 CONTINUE 
23 CONTINUE 
IFCJ l .EQ.OGO TO 99 
A0PT»l .E-6 
DO 26 N»1,ISLAK2 





DO 29 N=NUM1,NUMC0N 
IF<ARRAY(N,ICOL).LT.1.E-6) GO TO 29 
IF(ARRAY(N,IB)/ARRAY<N,ICOL).GE.RATIO)GO TO 29 
IROW-N-NUM 





DO 30 M*i , IB 
30 ARRAY(NROW tM)=ARRAY(NROW ,M)/B 
II=NR0W-1 
DO 31 I » 1 , I I 
IF<I.GT.NUM)GO TO 62 
I F ( J N D ( I ) .EQ.DGO TO 31 
62 B=ARRAY(I,ICOL> 
DO 33 M«1,IB 
33 ARRAY(I, M >-ARRAY(I, M)-B*ARRAY(NROW , M) 
31 CONTINUE 
II-NROW+1 
IF(II.GT.NUMCON)GO TO 28 
DO 32 I=II,NUMCON 
B-ARRAY<I,ICOL) 
DO 32 M=1,IB 
32 ARRAY(I» M)-ARRAY < I , M)-BfcARRAY(NROW, M > 




SUBROUTINE C O S T P I ( P f R f G A M M A » A L F O L D rN S T A T E rN T H E T A , N A L T E R , N A L P H A , 
1 B E T A , I O P T f I D E S ) 
DIMENSION P I ( 4 ) , P ( 4 , 4 , 3 > r R ( 4 r l 5 , 3 > r G A M M A ( 4 , 3 ) r A L F O L D ( 4 r 6 0 ) 
DIMENSION I D E S ( 4 5 ) F V E C T 0 R ( 4 ) 
T H I S SUBROUTINE R E C E I V E S THE I N I T I A L DATA EACH TIME P E R I O D AND 
RETURNS THE OPTIMAL ALTERNATIVE AND THE MAPPING ONTO THE 
PREVIOUS PERIOD ALPHA-VECTORS AT THE P O I N T ( 1 » 0 » . . . » 0 ) . 
P I < 1 ) « 1 . 
DO S M » 2 , N S T A T E 
P I ( M > » 0 . 
C * 1 0 0 0 0 0 0 . 
DO 1 1 * 1 r N A L T E R 
TSUM • 0 . 
DO 2 K • I f N T H E T A 
SMIN • 1 0 0 0 0 0 0 . 
DO 3 M « I f N S T A T E 
VECTOR<M) - 0 . 
DO 4 N = l f N S T A T E 
VECTOR(M) - V E C T O R ( M ) + P I < N ) * P < N f M f I ) 
VECTOR(M) = V E C T O R ( M ) # R ( M f K f I > 
DO 5 N - 1 f N A L P H A 
SUM » 0 . 
DO 6 M= 1 , N S T A T E 
SUM-SUM +VECTOR < M)*ALFOLD < M f N ) 
I F ( S M I N . L E . SUM) GO TO 5 
SMIN - SUM 
M M * ( K - 1 ) * N A L T E R + I 
I D E S ( M M ) • N 
CONTINUE 
TSUM • TSUM + SMIN 
TSUM • BETA*TSUM 
SUM » 0 . 
DO 7 N * I f N S T A T E 
SUM » SUM + P I ( N > * G A M M A ( N f I ) 
SUM = SUM + TSUM 
I F C C . L E . SUM) GO TO 1 
I O P T » I 






FORTRAN PROGRAM FOR THE P A R T I A L L Y OBSERVABLE 
MARKOV PROCESS OVER AN I N F I N I T E HORIZON 
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PROGRAM MAIN(INPUT,OUTPUT,TAPES-INPUT,TAPE6-0UTPUT) 
' DIMENSION P(4,4 ,3) ,R(4,15,3)»GAMMA<4,3) ,ALFOLD(4,60) ,ALFNEW<4,60) 
DIMENSION IOPT < 6 0 ) , PI< 4 , 6 0 > ,VECTOR(4), ARRAY(125,125) 






C THE FOLLOWING IS THE COMPUTER PROGRAM OF THE ALGORITHM FOR THE PARTIALLY 
C OBSERVABLE MARKOV PROCESS OVER AN INFINITE HORIZON DEVELOPED IN 
C EDWARD J . SONDIK,"THE OPTIMAL CONTROL OF PARTIALLY 
C OBSERVABLE MARKOV PROCESSES,'PH.D. DISSERTATION, DEPARTMENT OF 
C ENGINEERING-ECONOMIC SYSTEMS, STANFORD UNIVERSITY, STANFORD, 
C CALIFORNIA, JUNE 1 9 7 1 . 
C SEE ALSO, 
C E.J.SONDIK,'THE OPTIMAL CONTROL OF PARTIALLY OBSERVABLE MARKOV 
C PROCESSES OVER THE INFINITE HORIZON: DISCOUNTED COSTS,* OPERATIONS 




C THE FOLLOWING IS A DESCRIPTION OF ALL ARRAYS AND MAJOR 




C P-ARRAY OF STATE TRANSITION PROBABILITIES OF SIZE ( I X I X K) 
C WHERE I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION 
C ALTERNATIVES. 
C R-ARRAY OF COST PROBABILITIES OF SIZE ( I X J X K) WHERE I IS 
C THE NUMBER OF STATES, J IS THE NUMBER OF COST OBSERVATIONS 
C AND K IS THE NUMBER OF DECISION ALTERNATIVES. 
C GAMMA-ARRAY OF IMMEDIATE EXPECTED COSTS OF SIZE ( I X K) WHERE 
C I IS THE NUMBER OF STATES AND K IS THE NUMBER OF DECISION 
C ALTERNATIVES. 
C ALFOLD-ARRAY OF PREVIOUS PERIOD ALPHA-VECTORS OF SIZE ( I X M) 
C WHERE I IS THE NUMBER OF STATES AND M IS THE ESTIMATED 
C NUMBER OF REGIONS IN THE PROBABILITY STATE SPACE. 
C ALFNEW-ARRAY OF PRESENT PERIOD ALPHA-VECTORS, SAME SIZE AS 
C ALFOLD ARRAY. 
C IOPT-ARRAY RETURNED FROM SUBROUTINE ONEPAS(ONE-PASS>,INDICA-
C TING OPTIMAL DECISION ALTERNATIVE FOR CORRESPONDING ALFNEW. 
C ARRAY IS OF SIZE M, WHERE M IS THE ESTIMATED NUMBER OF 
C REGIONS IN THE PROBABILITY STATE SPACE. 
C PI-ARRAY RETURNED FROM SUBROUTINE ONEPAS OF SIZE ( I X M) WHERE 
C I IS THE NUMBER OF STATES AND M IS THE ESTIMATED NUMBER OF REGIONS 
C IN THE PROBABILITY STATE SPACE. THE M TH COLUMN OF PI IS A 
C POINT IN REGION M OF THE PROBABILITY STATE SPACE. PI IN COSTPI IS 
C DIFFERENT ARRAY OF DIMENSION ( I ) . 
C VECTOR-ARRAY OF SIZE I WHERE I IS THE NUMBER OF STATES. IN MAIN, 
C VECTOR IS USED IN COMPUTION OF TRANSFORMATION OF P I . IN 
C ONEPAS AND COSTPI, VECTOR IS USED IN COMPUTATION OF PRODUCTS 
C OF ARRAYS. 
C ARRAY-ARRAY OF COEFFICIENTS OF CONSTRAINTS AND OBJECTIVE 
C FUNCTIONS DEVELOPED IN SEARCH PROCEDURE. RIGHT HAND SIDE IS 
C IN LOCATION ' I B ' OF EACH ROW. 
C ISERCH-ARRAY DESIGNATING WHETHER OR NOT A REGION HAS BEEN SEARCHED 
C FOR ADJACENT REGIONS. 
C IF ISERCH-O, THE REGION HAS BEEN SEARCHED. 
C IF ISERCH-1, THE REGION HAS NOT BEEN SEARCHED. 
C IREG-ARRAY OF SIZE ( J X M) USED TWO WAYS. FIRST, STORES 
C REGION OF TRANSFORMED PI FOR EACH THETA IN EACH REGION. 
C ALSOt USED IN COMPARING OLD AND NEW POLICIES. SEARCH 
C PROCEDURE FINDS ALL REGIONS FORMED BY THE INTERSECTION 
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C OF REGIONS FROM OLD AND NEW POLICIES. ROW 1 OF IREG DESIGNATES 
C ALPHA-VECTOR FOR OLD POLICY. ROW 2 OF IREG DESIGNATES ALPHA-
C VECTOR FOR NEW POLICY. 
C CBASIC=ARRAY OF VALUES OF STATE VARIABLES FOR CORRESPONDING 
C OBJECTIVE FUNCTION IN LINEAR PROGRAM AT OPTIMALITY. 
C GAMMA2=VECT0R OF VECTORS OF SIZE (M TIMES NUMBER OF STATES) FORMED 
C BY COMBINING THE VECTORS FOR IMMEDIATE EXPECTED COST FOR EACH 
C REGION IN THE PROBABILITY STATE SPACE. 
C PHAT <P-HAT) =ARRAY OF (I-BETA) TIMES P(BAR), WHERE P(BAR) IS A 
C MATRIX OF MATRICES FORMED USING THE MAPPING OF THE REGIONS OF 
C THE PROBABILITY STATE SPACE ONTO THE PROBABILITY STATE SPACE. 
C PHAT2=ARRAY RETURNED FROM EXTERNAL SUBROUTINE LINV1F, THE INVERSE OF PHAT. 
C WKAREA=ARTIFICIAL ARRAY REQUIRED FOR EXTERNAL SUBROUTINE LINV1F OF 
C SAME DIMENSION AS PHAT. 
C IDES=ARRAY USED IN SUBROUTINE ONEPAS TO INDICATE THE MAPPING 
C OF THE PAIRS (DECISION ALTERNATIVErCOST OBSERVATION) 
C ONTO THE SET OF PREVIOUS PERIOD ALPHA-VECTORS. THE ARRAY 
C IS OF SIZE Nr WHERE N IS THE NUMBER OF COST OBSERVATIONS TIMES 
C THE NUMBER OF ALTERNATIVES, WHERE THE COST OBSERVATION INDEX 
C VARIES MOST RAPIDLY. 
C IND*ARRAY FOR STORAGE OF MAPPINGS FOR ALL REGIONS FOUND IN THE 
C PRESENT PERIOD. 
C ALFJA=ARRAY OF ALPHA-VECTOR VALUES FOR EACH ALTERNATIVE. 
C ALFPR=ARRAY OF VECTOR VALUES FORMED BY THE MINIMUM OVER THE PREVIOUS 
C PERIOD ALPHA-VECTORS OF THE PRODUCT OF P , FOR ALTERNATIVE 
C "A", TIMES DIAGONALIZED R FOR ALTERNATIVE "A" AND COST OBSER-
C VATION THETA» TIMES THE PREVIOUS PERIOD ALPHA-VECTOR. 
C JND=ARRAY INDICATING STATUS OF EACH OBJECTIVE FUNCTION IN LINEAR 
C PROGRAM. 
C IF JND*0» THEN OPTIMALITY HAS NOT BEEN REACHED. 
C IF JND>Of THEN OPTIMALITY HAS BEEN REACHED. 
C IBASIC»ARRAY INDICATING BASIC VARIABLES. 
C 
C MAJOR VARIABLES 
C 
C NSTATE=NUMBER OF STATES. 
C NTHETA«NUMBER OF POSSIBLE COST OBSERVATIONS. 
C NALTER*NUMBER OF DECISION ALTERNATIVES. 
C NALPHA»NUMBER OF ALPHA-VECTORS IN THE PREVIOUS PERIOD. 
C BETAsPRESENT VALUE DISCOUNT FACTOR. 
C ERR0R1=MAXIMUM ERROR ALLOWABLE BETWEEN OLD AND NEW POLICIES. 
C NPART=NUMBER OF TIMES ONEPAS IS CALLED FOR ALFOLD BEFORE 
C DETERMINATION OF NEW POLICY. 
C MCOUNT=NUMBER OF ALPHA-VECTORS IN THE PRESENT PERIOD. 
C NUM=NUMBER OF OBJECTIVE FUNCTIONS IN THE LINEAR PROGRAM. 
C NUMl=»POSITION OF THE CONSTRAINT THAT THE SUM OF THE PROBABILITIES 
C TOTAL TO ONE. 
C IB=POSITION OF RIGHT HAND SIDE OF LINEAR PROGRAM. 
C NUMCON=TOTAL NUMBER OF LINES IN LINEAR PROGRAM. 
C ISLAKl=POSITION OF FIRST SLACK VARIABLE. 
C ISLAK2=P0SITI0N OF LAST SLACK VARIABLE. 
C NROW«PIVOT ROW 
C ICOL'PIVOT COLUMN 
C IC0N=OBJECTIVE FUNCTION ROW PRESENTLY BEING OPTIMIZED. 





C NOTEt THE PARAMETERS IA,ID,AND IE CORRESPOND TO ESTIMATED 
C DIMENSIONS FOR VARIOUS ARRAYS. THROUGHOUT THE PROGRAM THE ARRAYS 
C ARE TESTED FOR OVER-INDEXING. THE PROGRAM WILL ABORT IF OVER-
C INDEXING OCCURS AND A CORRESPONDING MESSAGE WILL BE RECEIVED. 
C WHEN INCREASING IA, CHANGE THE VALUE OF IA AND THE DIMENSIONS 
C OF THE FOLLOWING ARRAYSARRAY(IArIA)»CBASIC(I *IA)•JNIK IA)? 
IBASIC( IA) . WHEN INCREASING IB, CHANGE THE VALUE OF ID 
AND THE DIMENSIONS OF THE FOLLOWING ARRAYSi ALFOLD<I,ID) , 
ALFNEW(I , IB) , IOPT(ID) , ISERCH(ID) , IND(N, ID>. WHEN INCREASING 
I E , CHANGE THE VALUE OF IE AND THE DIMENSIONS OF THE FOLLOWING 
A R R A Y S G A M M A 2 (IE),PHAT ( I E , IE) ,PHAT2 < I E , IE) , WKAREA< IE > . 
READ(5, *)NSTATE, NTHETA, NALTER, NALPHA, BETA, ERROR1, NPART 
READ(5, * ) ( ( ( P ( M , N , I ) , N=l , NSTATE), M=l, NSTATE) ,1*1 , NALTER) 
READ (5 , * ) (((R(M,K,I) ,K=1,NTHETA),M=1,NSTATE),1 = 1,NALTER) 
READ < 5 , * ) ( (GAMMA(M,I ) , M=l, NSTATE),1 = 1, NALTER) 






CALCULATE NEW ALPHA-VECTORS»GIVEN OLD ALPHA-VECTORS. 
CALL ONEPAS(P,R,GAMMA, ALFOLD, NSTATE , NTHETA, NALTER, NALPHA, BETA, 
1 ALFNEW,IOPT,MCOUNT,PI) 
REPLACE OLD ALPHA-VECTORS WITH NEW ALPHA-VECTORS. 
PRINT * , "NEW POLICY" 
DO 1 1=1,MCOUNT 
DO 57 M=1,NSTATE 




FOR A POINT IN EACH REGION, CALCULATE THE VALUE OF THE TRANSFOR­
MATION OF THE POINT. 
DO 2 I»1,NALPHA 
PRINT * , " OPTIMAL DECISION IS " , I O P T ( D , " FOR PI - " 
WRITE<6,98)(PI(M,I),M=1,NSTATE) 
PRINT *,"TRANSFORMED VALUES OF P I " 
DO 3 K=l»NTHETA 
DO 5 M=1,NSTATE 
VECTOR(M)=0. 




DO 7 M=1,NSTATE 
B=B+VECTOR(M) 
IF (B .EQ.O . ) B » l . 
DO 8 M=l,NSTATE 
VECTOR(M)=VECTOR(M)/B 
WRITE(6,98)(VECTOR(M),M=1,NSTATE) 
FOR EACH THETA, DETERMINE THE REGION OF THE TRANSFORMED POINT 
- IN EACH REGION. 
T=1000000. 
DO 9 J=l,NALPHA 
B=0. 
DO 10 M«1,NSTATE 
B=B+VECTOR(M)*ALFOLD(M, J ) 





PRINT * , "REGIONS' 
WRITE(6, *)(IREG(K»I),K=1,NTHETA) 
CONTINUE 
CALCULATE THE COST FUNCTION ALPHA-VECTORS. 
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c 
IF< NALPHA*NSTATE.GT.IE)GO TO 605 
DO 11 1=1fNALPHA 
DO 11 N=l»NSTATE 
II=(I-1)*NSTATE+N 
11 GAMMA2 ( I I ) "GAMMA (N r IOPT(I >) 
II=NALPHA*NSTATE 
DO 12 1=1 ,11 
DO 12 J = 1 , I I 
12 P H A T ( I , J ) = 0 . 
DO 13 I=1,NALPHA 
DO 13 K=l,NTHETA 
DO 14 J=1,NALPHA 
IF<IREG<K,I) .NE . J)GO TO 14 
I I=(I -1)*NSTATE 
JJ=(J-1)*NSTATE 
DO 15 M=l,NSTATE 
DO 15 N=lfNSTATE 
15 PHAT(II+M,JJ+N)=PHAT(II+M,JJ+N>-BETA*P(M,N, I O P T d ) ) * R ( N , K , I O P T ( I ) ) 
1 4 CONTINUE 
13 CONTINUE 
II=NALPHA*NSTATE 
DO 16 1=1 ,11 
16 P H A T ( I , I ) = 1 . + P H A T ( I , I ) 
C EXTERNAL SUBROUTINE LINV1F FINDS THE INVERSE OF ARRAY PHAT. 
C THE INVERSE IS RETURNED IN PHAT2» IER IS AN ERROR PARAMETER 
C RETURNED FROM LINV1F. 
CALL LINV1F<PHAT-11,IE,PHAT2,3,WKAREA, IER) 
DO 17 1=1fNALPHA 
DO 17 M=lfNSTATE 
17 ALFNEW<M,I)=0. 
JJ=NSTATE*NALPHA 
DO 18 I=1,NALPHA 
II=(I -1)*NSTATE 
DO 18 M=lfNSTATE 
DO 18 J = 1 , J J 
18 ALFNEW (rt, I)=ALFNEW < M,1>+PHAT2(11+M , J >*GAMMA2(J) 
PRINT %t 'ALPHA-HAT VECTORS' 




C PLACE THE CALCULATED COST FUNCTION ALPHA—VECTORS IN ALFOLD. 
NALPHA=1 
DO 56 I=1,NSTATE 
56 ALF0LD(I,1)=ALFNEW(I,1) 
DO 19 N=2,MM 
DO 20 M=l,NALPHA 
DO 21 I=1,NSTATE 
IF<ABS<ALFNEW(I,N)-ALFNEW(I,M)).GT.l.E-6)GO TO 20 
21 CONTINUE 
GO TO 19 
20 CONTINUE 
NALPHA=NALPHA+1 
DO 22 I=1,NSTATE 
22 ALFOLD(IfNALPHA)=ALFNEW < I , N) 
19 CONTINUE 
CALL ONEPAS(P, R,GAMMA,ALFOLD,NSTATE,NTHETA,NALTER,NALPHA,BETA, 
1 ALFNEW,IOPT,MCOUNT,PI) 
PRINT *,'IMPROVED POLICY' 
DO 62 I=1,MC0UNT 
WRITE(6,98)(ALFNEW(M, I ) , M=l?NSTATE) 
62 CONTINUE 
PRINT *,'CHECKING ERROR OVER OLD POLICY' 
C 
C FIND ALL REGIONS FROMED BY THE INTERSECTION OF THE REGIONS 
I l l 
C — - - " CORRESPONDING"TO THE OLD ALPHA-VECTORS AND THE" REGIONS 
C CORRESPONDING TO THE NEW ALPHA-VECTORS. 
NN=1 
IREG(2 ,1 )=1 
42 DO 23 1=1,NN 
IF(ISERCH(I> .EQ .0)GO TO 23 
ISERCH(I)=0 
GO TO 24 
23 CONTINUE 
GO TO 25 
24 JALPHA»IREG(1,I> 
J J = I R E G < 2 , I ) 
NUM-0 
DO 26 I=1,NALPHA 
IF<I.EQ.JALPHA)GO TO 26 
NUM-NUM+1 
IF(NUM.GT.IA)GO TO 601 
DO 27 M»1,NSTATE 
27 ARRAY(NUM,M)-ALFOLD(M, JALPHA)-ALFOLD(Mr I ) 
26 CONTINUE 
DO 28 1=1,MCOUNT 
I F ( I . E Q . J J ) G O TO 28 
NUM-NUM+1 
IF(NUM.GT.IA)GO TO 601 
DO 2? M=l,NSTATE 




IF(NUMCON.GT.IA)GO TO 601 
DO 30 M=l,NSTATE 
30 ARRAY(NUMC0N,M)=1. 
DO 31 I=1,NUM 
NUMC0N=NUMC0N+1 
IF(NUMCON.GT.IA)GO TO 601 
DO 31 M=l,NSTATE 




IF(IB.GT.IA)GO TO 601 
DO 32 I=1,NUMC0N 
DO 32 M»ISLAK1,IB 
32 ARRAY(I,M)=0. 
ARRAY(NUM1,IB)=1. 




DO 34 M-lfNUM 
IF(ARRAY(M,IB).GT.1.E-6>G0 TO 34 
J 2 - 0 
DO 35 1=1,NALPHA 
IF(I.EQ.JALPHA)GO TO 35 
J 2 - J 2 + 1 
IF(M.EQ.J2)G0 TO 36 
35 CONTINUE 
DO 37 I=1,MC0UNT 
I F d . E Q . J J ) G O TO 37 
J 2 - J 2 + 1 





GO TO 38 
39 IREG(1,NN+1)»JALPHA 
IREG(2,NN+1)=I 
38 DO 40 J=1,NN 
DO 41 L - l t 2 
IF(IREG(L» J ) . N E .IREG(L,NN+1))G0 TO 40 
41 CONTINUE 
GO TO 34 
40 CONTINUE 
NN-NN+1 
IF(NN.GT.ID)GO TO 604 
ISERCH(NN)=1 
34 CONTINUE 
GO TO 42 
25 CONTINUE 
C 
C FOR EACH REGION FOUND IN THE PRECEDING SECTION, FIND THE MAXIMUM 




DO 43 I»1,NN 
DO 44 M»l,NSTATE 
44 ARRAY(NUM rM)=ALFOLD < M,IREG <1,1))-ALFNEW ( M,IREG(2,1)) 
NUM1-2 
NUMCON-2 
DO 45 M»1,NSTATE 
45 ARRAY(NUM1,M)=1. 
DO 46 J»l ,NALPHA 
I F ( J . E Q . I R E G ( 1 , I ) ) G 0 TO 46 
NUMC0N=NUMC0N+1 
DO 47 M»1,NSTATE 
47 ARRAY(NUMCON , M)=ALFOLD(M,IREG(1,1))-ALFOLD < M, J ) 
46 CONTINUE 
DO 48 J=»1,MC0UNT 
IF ( J .EQ. IREG(2 , I ) )G0 TO 48 
NUMC0N=NUMC0N+1 
DO 49 M»1,NSTATE 





DO 50 M»l,NUMCON 











IF iERROR . L T . ARRAY(NUM»IB))ERROR*ARRAY(NUM,IB) 
43 CONTINUE 
PRINT *»"ERROR = ",ERROR 
IF(ERROR.LE.ERROR1)G0 TO 52 
C 
C CALL ONEPAS NPART TIMES TO FORM A REFINED PARTITION. 
r 
N=l 
60 IF(N.GT .NPART)GO TO 55 
DO 53 I=1,MC0UNT 
DO 59 M»1,NSTATE 
ALFOLD(M, I)-ALFNEW < M , I ) 
CONTINUE 
NALPHA-MCOUNT 
CALL ONEPAS < P , R ,GAMMA,ALFOLD ,NSTATE , NTKETA ,NALTER, NALPHA, 
! BETA,ALFNEWfIOPT,MCOUNT,PI) 
N=N+1 
GO TO 60 
DO 54 I=1,MC0UNT 




PRINT INCREASE IA ' 
STOP 
PRINT *,'INCREASE I D ' 
STOP 





DIMENSION P(4 ,4 ,3) ,R<4,15 ,3) ,GAMMA<4,3>,ALF0LD(4,60> 
DIMENSION ALFNEW<4,60),I0PT(60>,VECT0R(4) ,ARRAY(125,125) 
DIMENSION ISERCH<60) ,IDES(45> , I N D ( 4 5 , 6 0 ) , A L F J A < 4 , 3 ) 
DIMENSION ALFPR(4,45> r C B A S I C ( 4 , 1 2 5 ) , P I ( 4 , 6 0 ) 
THE PURPOSE OF THE SUBROUTINE ONEPAS<ONE-PASS) IS TO CALCULATE 
THE ALPHA-VECTORS FOR THE PRESENT PERIOD. 
IA-125 
ID=60 
CALL COSTPI(P, R,GAMMA,ALFOLD,NSTATE,NTHETA,NALTER, 
NALPHA,BETA,IOPT(l)»IDES) 
INITIALIZE FOR REGION NUMBER ONE. 
P K h l M . 
DO 27 I=2,NSTATE 
P I ( I , 1 ) = 0 . 
MM=NTHETA*NALTER 




PICK A REGION TO BE SEARCHED. 
DO 2 I=1,MCQUNT 
IF(ISERCH(I) .EQ.O)GO TO 2 
ISERCH(I)=0 
GO TO 3 
CONTINUE 
GO TO 53 
JALPHA=I 
NUM-0 
FOR GIVEN REGION, ASSIGN MAPPING VALUES TO IDES. 
MM=NTHETA*NALTER 
DO 12 M=1,MM 
IDES(M)=IND<M,I> 
FOR GIVEN MAPPING, COMPUTE VALUES OF ALFJA FOR EACH ALTERNATIVE. 
DO 4 1=1,NALTER 
DO 5 M=1,NSTATE 
ALFJA<M,I)=0. 
FOR GIVEN MAPPING, COMPUTE VALUES OF ALFPR FOR EACH PAIR, 
(COST OBSERVATION,DECISION ALTERNATIVE). 
DO 6 K=l,NTHETA 
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N N * ( K - 1 ) * N A L T E R + I 
K K = I D E S ( N N > 
I I = < I - 1 ) * N T H E T A + K 
DO 7 M * I f N S T A T E 
A L F P R < M f I I ) = 0 . 
7 VECTOR (M ) =R < M ? K r I ) * ALFOLD (M r K'K) 
DO 6 M = l r N S T A T E 
DO 6 N = l r N S T A T E 
6 A L F P R ( M f I I ) = A L F P R < M f I I > + P < M f N f I ) * V E C T O R ( N ) 
DO 4 M * I f N S T A T E 
DO 8 K » l f N T H E T A 
I I = < I - 1 ) * N T H E T A + K 
8 ALFJA< M r I >=ALFJA < M r 1 > + A L F P R ( M 1 1 1 ) 
4 A L F J A ( M r I > * A L F J A ( M r I ) * B E T A + G A M M A < M r I ) 
C 
C SET UP LINEAR PROGRAM. 
C 
C FORMATION OF C O E F F I C I E N T S FOR NON-SLACK V A R I A B L E S . 
DO 9 1 = 1 r N A L T E R 
I F ( I . E Q . I O P T < J A L P H A ) ) G O TO 9 
NUM-NUM+1 
I F ( N U M . G T . I A ) G O TO 6 0 1 
DO 1 0 N = l r N S T A T E 
1 0 ARRAY < NUM r N ) = A L F J A < N r I O P T ( J A L P H A ) ) - A L F J A ( N r I ) 
9 CONTINUE 
DO 1 1 1 = 1 r N A L T E R 
DO 1 1 K = l r N T H E T A 
NN= < K - 1 ) # N A L T E R + I 
K K = I D E S ( N N ) 
I I = < I - 1 ) * N T H E T A + K 
DO 1 3 L = l r N A L P H A 
I F ( L . E Q . K K > G O TO 1 3 
NUM=NUM+1 
I F < N U M . G T . I A > G O TO 6 0 1 
DO 1 4 N » l r N S T A T E 
ARRAY(NUM r N > = 0 . 
1 4 V E C T O R < N ) = R ( N r K r I ) # A L F O L D < N r L ) 
DO 1 5 M * l r N S T A T E 
DO 1 5 N = l r N S T A T E 
1 5 ARRAY < NUM r M)=ARRAY(NUM r M ) + P ( M r N r I ) * V E C T O R < N > 
DO 1 6 N = l r N S T A T E 
1 6 ARRAY < NUM r N ) = A L F P R ( N r 1 1 > - A R R A Y ( N U M r N) 
1 3 CONTINUE 
1 1 CONTINUE 
I F < J A L P H A . N E . 1 ) G O TO 1 7 
DO 1 8 N = l r N S T A T E 
1 8 ALFNEU < N r 1 ) = A L F J A < N r I O P T < 1 ) ) 
C COMPLETE FORMATION OF LINEAR PROGRAM. 
1 7 NUM1=NUM+1 
I F ( N U M 1 . G T , I A ) G O TO 6 0 1 
I B - N S T A T E + N U M 1 
I F ( I B . G T . I A ) G O TO 6 0 1 
NUMC0N=NUM1+NUM 
I F ( N U M C O N . G T . I A ) G O TO 6 0 1 
I S L A K 1 = N S T A T E + 1 
I S L A K 2 = I B - 1 
DO 1 9 I = l r N U M 
DO 1 9 J = I S L A K l r I B 
1 9 A R R A Y ( I r J > = 0 . 
DO 2 0 1 = 1 r N S T A T E 
2 0 ARRAY < N U M 1 r I > = 1 . 
DO 2 1 I = I S L A K l r I S L A K 2 
2 1 A R R A Y ( N U M 1 r I ) = 0 . 
A R R A Y ( N U M 1 r I B ) = 1 • 
DO 2 2 I = l r N U M 
DO 2 2 J » l r I B 
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22 ARRAY(I+NUM1, J)-ARRAY ( I , J> 
DO 23 I-1,NUM 
ARRAY(I+NUM1,IB)=.01 
C ASSIGN .01 TO RIGHT HAND SIDE OF CONSTRAINTS TO ALLOW FOR ROUND­
ER OFF ERRORS. 
23 ARRAY(I+NUM1,I+NSTATE)=1. 
CALL LINEAR(ARRAY,NUM,NUMCON, IB ,ISLAK1,ISLAK2, 
1 NSTATErCBASIC) 
C 
C CHECK FOR BINDING CONSTRAINTS. 
C 
DO 24 M=1,NUM 
J 2 - 0 
IF(ARRAY(M,IB) .GT.- .009999)G0 TO 24 
C IDENTIFY THE VARIABLES USED IN THE FORMATION OF THE CONSTRAINTS. 
DQ 25 I-IfNALTER 
IF < T . E(3.1 OPT < JALPHA > ) GO TO 25 
J 2 - J 2 + 1 
IF(M.EQ.J2)G0 TO 34 
25 CONTINUE 
DO 35 1-1»NALTER 
DO 35 K=lfNTHETA 
NN-< K-l> *NALTER+I 
KK-IBES(NN) 
II=(I-1)*NTHETA+K 
DO 36 L-l,NALPHA 
IF(L.EQ.KK)GO TO 36 
J 2 - J 2 + 1 




C BINDING CONSTRAINT IS OF TYPE 1.* FORMED FROM PRESENT PERIOD 
C ALPHA-VECTORS. 
C 
3 4 NN=NTHETA*NALTER 
C DETERMINE IF NEW-FOUND REGION IS ALREADY IN LIST OF REGIONS. 
DO 38 J-l»MCOUNT 
DO 39 N-1,NSTATE 
IF<ABS<ALFJA(N,I)-ALFNEW<N,J>).GT.1.E-6)G0 TO 38 
39 CONTINUE 
DO 40 N-1,NN 
IF<IDES(N) .NE .IND< N , J))GO TO 38 
40 CONTINUE 
GO TO 24 
38 CONTINUE 
C INCREMENT NUMBER OF REGIONS IN LIST. 
MCOUHT-MCOUNT+1 
IF(MCOUNT .GT. ID)GO TO 604 
ISERCH(MCOUNT > =1 
IOPT(MCOUNT>=I 
DO 41 N-1,NSTATE 
PI(N,MCOUNT)=CBASIC(N,M) 
41 ALFNEW(N, MCOUNT)-ALFJA(N,I) 
DO 42 N-1,NN 
42 IND(N,MCOUNT)=IDES(N) 
GO TO 24 
C 




IF(MCOUNT .EQ. ID)GO TO 604 
C DETERMINE IF REGION IS ALREADY IN LIST OF REGIONS. 
DO 48 N=1,J2 
48 IND(N,MC0UNT+1)-IDES(N) 
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I N B ( N N r M C O U N T + l ) = L 
I F ( I • N E . I D P T ( J A L P H A ) ) GO TO 4 3 
C D E C I S I O N ATERNATIVE OF NEW REGION I S SAME AS REGION BEING SEARCHED. 
DO 4 4 N = l f N S T A T E 
ALFNEW(N f M C O U N T + 1 ) = 0 . 
4 4 VECTOR < N ) = R < N r K r I > * A L F O L D ( N r L ) 
DO 4 5 J = l r N S T A T E 
DO 4 5 N = l r N S T A T E 
4 5 A L F N E W ( J r M C O U N T + 1 ) = A L F N E W ( J r MCOUNT+1> + P ( J , N , I > * V E C T O R ( N ) 
DO 5 2 J = l rNSTATE 
ALFNEW(J f MCOUNT+1)=ALFJA< J r I > + B E T A * ( A L F N E W ( J r MCOUNT+1) 
1 - A L F P R < J r l l ) > 
5 2 CONTINUE 
5 1 DO 4 6 J « l r M C O U N T 
DO 4 7 N = l r N S T A T E 
I F < A B S < A L F N E W ( N r M C O U N T + 1 ) - A L F N E W ( N r J > > . G T . 1 . E - 6 ) G 0 TO 4 6 
4 7 CONTINUE 
DO 4 9 N = l r J 2 
I F ( I N D < N r M C O U N T + 1 ) . N E . I N D ( N r J ) ) G 0 TO 4 6 
4 9 CONTINUE 
GO TO 2 4 
4 6 CONTINUE 
C INCREMENT NUMBER OF REGIONS IN L I S T . 
MC0UNT=MC0UNT+1 
I S E R C H ( M C 0 U N T > = 1 
IOPT(MCOUNT>= I O P T < J A L P H A ) 
DO 2 8 N * l r N S T A T E 
2 8 P I ( N r M C O U N T ) = C B A S I C ( N r M ) 
GO TO 2 4 
C D E C I S I O N ALTERNATIVE OF NEW REGION I S D I F F E R E N T FROM REGION 
c BEING SEARCHED. 
4 3 DO 5 0 N » l r N S T A T E 
5 0 ALFNEW < N r MCOUNT+1)=ALFNEW < N r JALPHA) 
GO TO 5 1 
2 4 CONTINUE 
GO TO 2 6 
C FORM NEW L I S T OF REGIONSr D I F F E R I N G WITH RESPECT TO ONLY D E C I S I O N 
C ALTERNATIVE AND ALPHA-VECTOR. 
5 3 MM*MCOUNT 
MC0UNT*1 
DO 5 4 N«=2rMM 
DO 5 5 M»lrMCOUNT 
DO 5 6 1 = 1 r N S T A T E 
I F < A B S < A L F N E W ( I r N > - A L F N E W ( I r M ) ) . G T . l . E - 6 ) G O TO 5 5 
5 6 CONTINUE 
GO TO 5 4 
5 5 CONTINUE 
MC0UNT=MC0UNT+1 
DO 5 7 1 = 1 r N S T A T E 
P I ( I r M C O U N T ) = P K I r N ) 
5 7 A L F N E W ( I r MCOUNT)=ALFNEW(Ir N) 
I O P T ( M C O U N T ) = I O P T ( N ) 
5 4 CONTINUE 
RETURN 
6 0 1 P R I N T *r'INCREASE I A " 
STOP 





SUBROUTINE L I N E A R ( A R R A Y r N U M r N U M C O N r I B r I S L A K 1 r I S L A K 2 r N S T A T E r 
1 C B A S I C ) 
DIMENSION A R R A Y ( 1 2 5 r l 2 5 ) r C B A S I C ( 4 r 1 2 5 ) , I B A S I C ( 1 2 5 ) r J N I K 1 2 5 ) 
C 
C THE PURPOSE OF THE SUBROUTINE I S TO F I N D THE OPTIMAL VALUES 
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C F O R T H E L I N E A R P R O G R A M . 
C 
C I N I T I A L I Z E . 
L I N E S = N U M C O N - N U M 
N U M 1 = N U M + 1 
D O 1 I = 1 , N U M 
1 J N D ( I ) - 0 
N R O W = N U M 1 
C 
C U S I N G T H E E X P A N D E D D U A L S I M P L E X A L G O R I T H M . 
C 
C S T E P i: B A S I S - S E E K I N G S T E P . R O W N U M 1 H A S N O B A S I C V A R I A B L E . 
C P I V O T O N R O W N U M 1 A N D C O L U M N I C O L . C O L U M N I C O L I S C H O S E N S O 
C T H A T R A T I O A < 1 , I ) / A < N U M 1 , I ) I S S M A L L E S T . 
R A T I O = - l O O O O O O . 
D O 2 0 1 = 1 f N S T A T E 
B = A R R A Y ( 1 f I ) / A R R A Y ( N R O W r I ) 
I F ( B . L E . R A T I O ) G O T O 2 0 
R A T I O = B 
I C O L » I 
2 0 C O N T I N U E 
I B A S I C < 1 ) = I C 0 L 
I I • N R O W - 1 
D O 1 6 1 = 1 F I I 
B = A R R A Y ( I F I C O L ) 
D O 1 6 M « 1 , I B 
1 6 A R R A Y < I F M ) - A R R A Y < 1 1 M ) - B * A R R A Y ( N R O W F M ) 
I I » N R O W + 1 
D O 1 7 1 = 1 I F N U M C O N 
B = A R R A Y ( I F I C O L ) 
D O 1 7 M = 1 F I B 
1 7 A R R A Y < I F M > = A R R A Y ( I F M ) - B * A R R A Y ( N R O W F M ) 
D O 1 8 I = 2 F L I N E S 
1 8 I B A S I C ( I ) = N S T A T E + 1 - 1 
C S T E P 2 : F E A S I B I L I T Y - S E E K I N G S T E P . P I V O T O N R O W N R O W F C O L U M N I C O L . 
C N R O W I S R O W H A V I N G T H E M O S T N E G A T I V E R I G H T H A N D S I D E . I C O L 
C I S C O L U M N H A V I N G N E G A T I V E E L E M E N T I N P I V O T R O W W I T H M O S T 
C F A V O R A B L E R A T I O A < 1 r I ) / A ( N R O W F I ) 
6 6 B = - l . E - 6 
D O 6 5 I = N U M 1 F N U M C O N 
I F ( A R R A Y ( I F I B ) . G E . B ) G O T O 6 5 
B * A R R A Y ( I F I B ) 
N R O W - I 
6 5 C O N T I N U E 
I F ( B . G E . - 1 . E - 6 ) G 0 T O 2 2 
J 1 = 0 
R A T I O - 0 . 
D O 6 0 I = 1 F I S L A K 2 
I P ( A R R A Y ( N R O W F I ) . L E . - l . E - 6 ) G 0 T O 6 1 
6 0 C O N T I N U E 
D O 5 9 1 = 1 F N U M 
5 9 A R R A Y ( I F I B ) = 1 0 0 0 0 0 0 . 
R E T U R N 
6 1 D O 6 7 I = 1 F I S L A K 2 
I F ( A R R A Y ( N R O W F I ) . G T . - 1 . * 1 . E - 6 ) G 0 T O 6 7 
I F ( A R R A Y ( 1 , I ) . L T . 1 . E - 6 ) G 0 T O 6 7 
I F ( A R R A Y ( 1 F I ) / A R R A Y ( N R O W F I ) . G E . R A T I O ) G O T O 6 7 
R A T I O • A R R A Y ( 1 , I ) / A R R A Y ( N R 0 W F I ) 
J l = l 
I C O L = I 
6 7 C O N T I N U E 
I F ( J l . E Q . 1 ) G 0 T O 6 8 
R A T I O - I O O O O O O . 
D O 6 9 I = 1 F I S L A K 2 
I F ( A R R A Y ( N R O W , I > . G T . - l . * 1 . E - 6 ) G 0 T O 6 9 








DO 70 M=1,IB 
70 ARRAY(NROW , M)"ARRAY<NROW ,M)/B 
II-NROW-i 
DO 71 I = l f I I 
B=ARRA Y d , I COL) 
DO 71 rt=i,IB 
71 ARRAY <I,M)=ARRAY(I»M)-B*ARRAY(NROW,M) 
II=NR0W+1 
IF(II.GT.NUMCDN)GO TO 15 
DO 72 I=II,NUMCON 
B=ARRAY(I,ICOL) 
DO 72 M=1,IB 
72 ARRAY <If M >=ARRAY(IrM)-B*ARRAY(NROW , M) 
15 GO TO 66 
C STEP 3*. OPTIMALITY-SEEKING STEP. PIVOT RULES ARE IDENTICAL 
c TO SIMPLEX ITERATION. 
22 DO 19 I=NUM1,NUMC0N 
IF<ARRAY(I, IB ) .LT .O . )ARRAY(I , IB)=0 . 
19 CONTINUE 
J1=0 
C AN OBJECTIVE FUNCTION, PREVIOUSLY OPTIMIZED, IS NOT AFFECTED 
c BY ADDITIONAL PIVOTS. 
DO 23 M=1,NUM 
IF(JND(M) .EQ.DGG TO 23 
J2=0 
DO 24 N=1,ISLAK2 
IF(ARRAY(M,N).LT.1.E-6)G0 TO 24 
J 2 = l 
I F ( J l . E Q . D G O TO 25 
ICON=M 
J l = l 
GO TO 25 
24 CONTINUE 
25 IF<J2 .EQ.1 )G0 TO 23 
JND(M)=1 
DO 34 I=1,NSTATE 
34 CBASIC ( I , M ) - 0 • 
DO 35 1=1,LINES 
I I = I B A S I C ( I ) 




IF ( J l .EQ.O)GO TO 99 
A0PT=1.E-6 
DO 26 N=1,ISLAK2 





DO 29 N=NUM1,NUMCON 
IF(ARRAY(N,ICOL).LT.1.E-6) GO TO 29 








D 0 3 0 M = 1 , I B 
3 0 ARRAY(NROW,M)=ARRAY<NRQW,M)/B 
I I = N R 0 W - 1 
BO 3 1 I = l r I I 
I F ( I . G T . N U M ) G O TO 6 2 
I F ( J N D ( I ) . E Q . D G O TO 3 1 
6 2 B - A R R A Y ( I r l C O L ) 
BO 3 3 M = l r I B 
3 3 A R R A Y ( I , M ) - A R R A Y ( I r M)-B*ARRAY(NROW r M) 
3 1 CONTINUE 
I I - N R O W + 1 
I F < I I . G T . N U M C O N ) G O TO 2 8 
DO 3 2 I - I I r N U M C O N 
B - A R R A Y ( I r I C O L ) 
DO 3 2 M = l r I B 
3 2 A R R A Y ( I r M)-ARRAY < I ? M ) - B * A R R A Y ( N R O W rM) 
2 8 GO TO 2 2 
9 9 RETURN 
END 
C 
SUBROUTINE C O S T P I ( P » R , G A M M A r A L F O L D r N S T A T E ? N T H E T A ? N A L T E R r N A L P H A r 
1 B E T A f I O P T f I D E S ) 
DIMENSION P I ( 4 ) r P ( 4 f 4 f 3 ) f R ( 4 f 1 5 r 3 ) , G A M M A ( 4 r 3 ) r A L F Q L D ( 4 r 6 0 ) 
DIMENSION I D E S ( 4 5 ) , V E C T 0 R < 4 > 
C 
C T H I S SUBROUTINE R E C E I V E S THE I N I T I A L DATA EACH TIME P E R I O D AND 
C RETURNS THE OPTIMAL ALTERNATIVE AND THE MAPPING ONTO THE 
C P R E V I O U S PERIOD ALPHA-VECTORS AT THE P O I N T ( 1 » 0 M . , » 0 ) , 
C 
P I ( 1 ) » 1 . 
DO 8 M - 2 f N S T A T E 
8 P I ( M ) - 0 . 
C = 1 0 0 0 0 0 0 . 
DO 1 1 = 1 f N A L T E R 
TSUM = 0 . 
DO 2 K * 1 , N T H E T A 
SMIN = 1 0 0 0 0 0 0 . 
DO 3 M = D N S T A T E 
VECTOR(M) = 0 . 
DO 4 N - 1 , N S T A T E 
4 VECTOR(M) - V E C T O R ( M ) + P I ( N ) * P ( N , M , I ) 
3 VECTOR(M) » V E C T O R ( M ) * R ( M , K » I ) 
DO 3 N - 1 f N A L P H A 
SUM = 0 . 
DO 6 M- 1 , N S T A T E 
6 SUM-SUM +VECTOR ( M ) # A L F O L D ( M , N ) 
I F ( S M I N . L E . SUM) GO TO 5 
SMIN = SUM 
M M « < K - 1 ) * N A L T E R + I 
I D E S ( M M ) » N 
5 CONTINUE 
2 TSUM m TSUM + SMIN 
TSUM - BETA*TSUM 
SUM = 0 . 
DO 7 N = 1 , N S T A T E 
7 SUM = SUM + P K N ) * G A M M A < N f I ) 
SUM - SUM + TSUM 
I F < C . L E . SUM) GO TO 1 
I O P T = I 
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